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DEFORMATIONS OF COMPLEXES FOR FINITE DIMENSIONAL ALGEBRAS
FRAUKE M. BLEHER AND JOSE´ A. VE´LEZ-MARULANDA
Abstract. Let k be a field and let Λ be a finite dimensional k-algebra. We prove that every
bounded complex V ‚ of finitely generated Λ-modules has a well-defined versal deformation ring
RpΛ, V ‚q which is a complete local commutative Noetherian k-algebra with residue field k. We also
prove that nice two-sided tilting complexes between Λ and another finite dimensional k-algebra
Γ preserve these versal deformation rings. Additionally, we investigate stable equivalences of
Morita type between self-injective algebras in this context. We apply these results to the derived
equivalence classes of the members of a particular family of algebras of dihedral type that were
introduced by Erdmann and shown by Holm to be not derived equivalent to any block of a group
algebra.
1. Introduction
The main objective of the theory of deformations of algebraic objects, such as modules or group
representations, is to study the behavior of these objects under perturbations. Suppose O is a
complete local commutative Noetherian ring with residue field k, ΛO is an O-algebra and Λ “
k bO ΛO. If V is a Λ-module of finite k-dimension, the deformations of V are defined to be
isomorphism classes of lifts of V over complete local commutative Noetherian O-algebras R with
residue field k. Here a lift of V over R is an RbO ΛO-module M that is free over R, together with
a Λ-module isomorphism φ : k bR M Ñ V .
Lifts and deformations of this kind were studied by Green in [18] in the 1950’s in the case when
O is a ring of p-adic integers, for some prime number p, and ΛO is the group algebra of a group
G over O. Green’s work inspired Auslander, Ding and Solberg in [1] to consider more general
O-algebras ΛO and more general lifting problems. In the 1970’s Laudal developed a theory of
formal moduli of algebraic structures, and he used Massey products to describe deformations of k-
algebras and their modules over complete local commutative Artinian k-algebras with residue field
k (see [23] and its references). In the 1980’s Mazur developed a theory of deformations of group
representations to systematically study p-adic lifts of representations of profinite Galois groups over
finite fields of characteristic p (see [25, 26]). Both Laudal and Mazur used Schlessinger’s criteria in
[32] for the pro-representability of functors of Artinian rings. One advantage of Mazur’s approach
is that he uses a continuous deformation functor, which allows him to include the deformations
over arbitrary complete local commutative Noetherian O-algebras with residue field k directly in
his functorial description and not just as inverse limits. In particular, Mazur proved in [25] that
a finite dimensional Galois representation over a finite field always has a versal deformation ring,
and in the case when the representation is absolutely irreducible that this versal deformation ring
is universal. In [9], Mazur’s approach was used by the authors to study deformation rings and
deformations of modules for arbitrary finite dimensional k-algebras Λ when O “ k, and to provide
additional structure theorems in the case when Λ is self-injective or Frobenius.
Let now k be a field of arbitrary characteristic, let O “ k, and let Λ “ ΛO be a finite dimensional
k-algebra. Our first goal is to generalize the deformation theory for finitely generated Λ-modules
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in [9] to bounded complexes of finitely generated Λ-modules. We accomplish this goal in Section 2.
Many of our techniques are based on the generalization of Mazur’s deformation theory to bounded
complexes of Galois representations in [5, 6].
More precisely, let D´pΛq be the derived category of bounded above cochain complexes of pseu-
docompact Λ-modules (see Section 2.1 for a review of pseudocompact rings and modules). The
following is our first main result (see Theorem 2.1.12 for a more precise statement):
Theorem 1.1. Let V ‚ be an object of D´pΛq such that V ‚ only has finitely many non-zero coho-
mology groups, all of which have finite k-dimension. Then V ‚ always has a versal deformation ring
RpΛ, V ‚q which is a complete local commutative Noetherian k-algebra with residue field k. Moreover,
RpΛ, V ‚q is universal if the endomorphism ring of V ‚ in D´pΛq is isomorphic to k.
Additionally, we prove that the case of modules corresponds to the case when V ‚ has precisely
one non-zero cohomology group. The main challenge of the proof of Theorem 1.1 is to ensure that
the arguments in [5, 6] can be modified to work for arbitrary finite dimensional k-algebras Λ that
may be neither Frobenius nor self-injective.
Note that we provide more details concerning the continuity of our deformation functor than
were provided for the deformation functor defined in [6]. This can also be used to better explain
the arguments used to prove [6, Prop. 7.2]; see Remark 2.4.5.
There has been a lot of interest in classifying finite dimensional k-algebras up to derived or stable
equivalences. One of the most famous conjectures in this context is Broue´’s conjecture that blocks of
group rings of finite groups G with an abelian defect group D are derived equivalent to blocks of the
normalizer of D in G (see [10, 31] and their references). This conjecture has spurred a lot of work on
derived equivalences for more general algebras. For example, Rickard proved in [29] that two finite
dimensional k-algebras Λ and Γ are derived equivalent if and only if there is a derived equivalence
between them that is given by the left derived tensor product functor with a so-called two-sided
tilting complex. Such a derived equivalence is also called a standard derived equivalence. It is then
a natural question to ask whether standard derived equivalences preserve versal deformation rings
of complexes V ‚ as in Theorem 1.1.
In [30], Rickard showed that if Λ and Γ are derived equivalent block algebras for finite groups
then one can choose the two-sided tilting complex providing the standard derived equivalence to
be particularly nice (namely, to be a split-endomorphism two-sided tilting complex). In [3], it was
shown that such nice two-sided tilting complexes indeed preserve versal deformation rings when Λ
and Γ are block algebras.
Our second goal, accomplished in Section 3, is to provide a variation on “niceness” of two-sided
tilting complexes that works for arbitrary finite dimensional algebras (see Definition 3.1.1). This
leads to our second main result (see Theorem 3.1.5 for a more precise statement):
Theorem 1.2. Suppose Γ is another finite dimensional k-algebra such that Λ and Γ are derived
equivalent. Then there exists a nice two-sided tilting complex P ‚ of finitely generated Γ-Λ-bimodules
such that if V ‚ is a bounded complex of finitely generated Λ-modules and V 1
‚
“ P ‚bLΛ V
‚, then the
versal deformation rings RpΛ, V ‚q and RpΓ, V 1
‚
q are isomorphic.
To prove Theorem 1.2, the main challenge is again to modify the arguments in [3] so that they
work for arbitrary finite dimensional k-algebras Λ that may be neither Frobenius nor self-injective.
In [29], Rickard proved that if Λ and Γ are self-injective derived equivalent k-algebras, then there
is a stable equivalence of Morita type between them, as introduced by Broue´ in [11]. Such stable
equivalences of Morita type provide especially well-behaved equivalences between the stable module
categories of Λ and Γ. On the other hand, not every stable equivalence of Morita type between
self-injective algebras is induced by a derived equivalence (see, for example, [13] and its references).
Therefore, we prove in Proposition 3.2.6 that arbitrary stable equivalences of Morita type between
self-injective algebras preserve versal deformation rings of modules.
In Section 4, we show how the main results from Sections 2 and 3 can be applied to the derived
equivalence classes of the members of a particular family of algebras of dihedral type that was
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introduced by Erdmann in [14] and denoted by Dp3Rq. Note that Holm showed in [19, Sect. 3.2]
that none of the algebras in the family Dp3Rq is derived equivalent to a block of a group algebra.
Let Λ0 be a particular algebra in the family Dp3Rq. Theorems 4.2.2, 4.2.4 and Proposition 4.2.5
demonstrate how the knowledge of the universal deformation rings of certain Λ0-modules can be
used to determine the universal deformation rings of modules for another algebra Λ that is just
known to be derived equivalent to Λ0.
We would like to thank the referees for helpful comments which helped improve the readability
of the paper.
Convention 1.3. Throughout this paper “complex” means “cochain complex.” The degree n term
of a complex C‚ is denoted by Cn and its degree n differential is denoted by δn “ δnC : C
n Ñ Cn`1.
Even if we apply contravariant functors to cochain complexes, we shall assume, without saying
this explicitly, that the terms of the resulting complexes are renumbered in order to regain cochain
complexes. Thus, for example, the k-dual HomkpV
‚, kq of a bounded complex V ‚ of Λ-modules will
have degree n term given by HomkpV
´n, kq.
If C‚ is a complex and i is an integer, then C‚ris is the complex obtained by “shifting C‚ to the
left by i places.” More precisely, the degree n term of C‚ris is Cn`i and the degree n differential of
C‚ris is p´1qiδn`iC .
Our complexes are either bounded above, i.e. complexes C‚ with Cn “ 0 for n ąą 0, or bounded,
i.e. complexes C‚ with Cn “ 0 for all but finitely many n.
2. Versal deformation rings for complexes over finite dimensional algebras
In [5, 6], it was proved that if k is a field of positive characteristic, G is a profinite group satisfying
a certain finiteness condition and V ‚ is quasi-isomorphic to a bounded complex of pseudocompact
rrkGss-modules, then V ‚ always has a versal deformation ring. Moreover, it was proved that if the
endomorphism ring of V ‚ in the derived category of bounded above complexes of pseudocompact
rrkGss-modules is isomorphic to k, then this versal deformation ring is universal.
It is the goal of this section to prove an analogous result when k is an arbitrary field and rrkGss
is replaced by an arbitrary finite dimensional k-algebra Λ. In Section 2.1, we will recall some results
on pseudocompact rings and modules, define quasi-lifts and deformations of complexes, and state
our main result of this section, Theorem 2.1.12. In Section 2.2, we analyze the structure of quasi-
lifts over Artinian rings. In Section 2.3, we provide some more results on complexes and quasi-lifts.
In Section 2.4, we prove Theorem 2.1.12. In Section 2.5, we consider quasi-lifts of one-term and
two-term complexes, and completely split complexes.
2.1. Pseudocompact rings and modules, quasi-lifts, and deformations of complexes.
Recall from [12] that a pseudocompact ring Ω is a complete Hausdorff topological ring that admits
a system of open neighborhoods of 0 consisting of two-sided ideals I for which Ω{I is an Artinian ring.
In particular, every finite dimensional algebra Λ over any field k is a pseudocompact ring, by choosing
all two-sided ideals of Λ as an open neighborhood basis of 0. In other words, Λ is a pseudocompact
ring with the discrete topology. Moreover, since k is a commutative pseudocompact ring (again with
the discrete topology), Λ is a pseudocompact k-algebra. A Λ-module M is called pseudocompact
if M is a complete Hausdorff topological Λ-module that has a basis of open neighborhoods of 0
consisting of submodules N for which M{N has finite length as Λ-module. In particular, each
finitely generated Λ-module M is pseudocompact, by choosing all submodules of M as an open
neighborhood basis of 0 (i.e. by giving M the discrete topology). The category of pseudocompact
Λ-modules is an abelian category; see below for more details. Let D´pΛq be the derived category
of bounded above complexes of pseudocompact Λ-modules.
Hypothesis 1. Throughout this paper, we assume that k is an arbitrary field, Λ is a finite dimen-
sional k-algebra, and V ‚ is a complex in D´pΛq that has only finitely many non-zero cohomology
groups, all of which have finite k-dimension.
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Define Cˆ to be the category of all complete local commutative Noetherian k-algebras with residue
field k. The morphisms in Cˆ are continuous k-algebra homomorphisms that induce the identity on
k. Let C be the full subcategory of Artinian rings in Cˆ.
For R P ObpCˆq, define RΛ “ RbkΛ. Then R is a commutative pseudocompact ring, and RΛ is a
pseudocompact R-algebra. Define PCModpRΛq to be the category of pseudocompact RΛ-modules.
Pseudocompact rings, algebras and modules have been studied, for example, in [16, 17] and [12].
For the convenience of the reader, we state some useful facts from these references.
Remark 2.1.1. Let R P ObpCˆq.
(i) The ringRΛ is the inverse limit of Artinian quotient rings. An RΛ-module is pseudocompact
if and only if it is the inverse limit of RΛ-modules of finite length. Moreover, an RΛ-module
has finite length if and only if it has finite length as an R-module. The category PCModpRΛq
is an abelian category with exact inverse limits.
(ii) A pseudocompact RΛ-module M is said to be topologically free on a set X “ txiuiPI if
M is isomorphic to the product of a family pRΛiqiPI where RΛi “ RΛ for all i. Every
topologically free pseudocompact RΛ-module is a projective object of PCModpRΛq, and
every pseudocompact RΛ-module is the quotient of a topologically free RΛ-module. Hence
PCModpRΛq has enough projective objects.
(iii) Suppose M and N are pseudocompact RΛ-modules. Then we define the right derived
functors ExtnRΛpM,Nq by using a projective resolution of M in PCModpRΛq.
Remark 2.1.2. Let R be an object of Cˆ with maximal ideal mR. Suppose that pR{m
i
RqXi denotes
an abstractly free pR{miRq-module on the finite topological space Xi for all i, and that tXiui forms
an inverse system. Define X “ lim
ÐÝ
i
Xi and rrRXss “ lim
ÐÝ
i
pR{miRqXi. Then rrRXss is a topologically
free pseudocompact R-module on X .
Remark 2.1.3. Suppose R P ObpCˆq, and Ω “ R or Ω “ RΛ. Let M be a right (resp. left)
pseudocompact Ω-module.
(i) Let bˆΩ denote the completed tensor product in the category PCModpΩq (see [12, Sect.
2]). Then MbˆΩ´ (resp. ´bˆΩM) is a right exact functor. Moreover, M is said to be
topologically flat, if the functor MbˆΩ´ (resp. ´bˆΩM) is exact.
(ii) By [12, Lemma 2.1] and [12, Prop. 3.1], M is topologically flat if and only if M is projective
as a pseudocompact Ω-module.
(iii) If M is finitely generated as a pseudocompact Ω-module, it follows from [12, Lemma 2.1(ii)]
that the functorsMbΩ´ andMbˆΩ´ (resp. ´bΩM and ´bˆΩM) are naturally isomorphic.
(iv) If Ω “ R and M is a pseudocompact R-module, it follows from [17, Proof of Prop. 0.3.7]
and [17, Cor. 0.3.8] that M is topologically flat if and only if M is topologically free if and
only if M is abstractly flat. In particular, if R is Artinian, a pseudocompact R-module is
topologically flat if and only if it is abstractly free.
For R P ObpCˆq, let C´pRΛq be the abelian category of complexes of pseudocompact RΛ-modules
that are bounded above, let K´pRΛq be the homotopy category of C´pRΛq, and let D´pRΛq
be the derived category of K´pRΛq. Let r1s denote the translation functor on C´pRΛq (resp.
K´pRΛq, resp. D´pRΛq), i.e. r1s shifts complexes one place to the left and changes the signs of the
differentials (see Convention 1.3). Recall that a homomorphism in C´pRΛq is a quasi-isomorphism
if and only if the induced homomorphisms on all the cohomology groups are bijective.
Remark 2.1.4. Let R P ObpCˆq, and let PR be the additive subcategory of PCModpRΛq of projective
objects. By Remark 2.1.1(ii) and [34, Thm. 10.4.8], the natural functor K´pPRq Ñ D
´pRΛq is an
equivalence of triangulated categories. Let σR : D
´pRΛq Ñ K´pPRq be a quasi-inverse.
Suppose S is a pseudocompact R-module. In the case when S P ObpCˆq and there exists a
morphism α : RÑ S in Cˆ defining the R-module structure on S, let RS “ S. In all other cases, let
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RS “ R. Consider the completed tensor product functor
SbˆR´ : K
´pRΛq Ñ K´pRSΛq.
By [34, Thm. 10.5.6], its left derived functor Sbˆ
L
R´ : D
´pRΛq Ñ D´pRSΛq is the following
composition of functors of triangulated categories:
(2.1) D´pRΛq
σRÝÝÑ K´pPRq
SbˆR´ÝÝÝÝÑ K´pRSΛq
qSÝÑ D´pRSΛq
where qS : K
´pRSΛq Ñ D
´pRSΛq is the localization functor. In other words, if X
‚ is in
ObpK´pRΛqq, then there exists an isomorphism ρX : X
‚ Ñ σRpX
‚q in D´pRΛq and
(2.2) Sbˆ
L
RX
‚ “ SbˆR σRpX
‚q.
The following definitions and remarks are adapted from [6, Sect. 2] to our situation. Note that
we follow Illusie’s definition of finite tor dimension as given in [20, Def. 5.2] (see also [15, Sect.
8.3.6]).
Definition 2.1.5. We will say that a complex M‚ in K´pRΛq has finite pseudocompact R-tor
dimension, if there exists an integer N such that for all pseudocompact R-modules S, and for all
integers i ă N , HipSbˆ
L
RM
‚q “ 0. If we want to emphasize the integer N in this definition, we say
M‚ has finite pseudocompact R-tor dimension at N .
Remark 2.1.6. Suppose M‚ is a complex in K´pRΛq of topologically flat, hence topologically free,
pseudocompact R-modules that has finite pseudocompact R-tor dimension at N . Then the bounded
complex M 1
‚
, which is obtained from M‚ by replacing MN by M 1
N
“ MN{δN´1pMN´1q and by
setting M 1
i
“ 0 if i ă N , is quasi-isomorphic to M‚ and has topologically free pseudocompact
terms over R.
Definition 2.1.7. Let R be an object of Cˆ. A quasi-lift of V ‚ over R is a pair pM‚, φq consisting
of a complex M‚ in D´pRΛq that has finite pseudocompact R-tor dimension together with an
isomorphism φ : kbˆ
L
RM
‚ Ñ V ‚ in D´pΛq. Two quasi-lifts pM‚, φq and pM 1
‚
, φ1q of V ‚ over R are
isomorphic if there is an isomorphism f : M‚ Ñ M 1
‚
in D´pRΛq with φ1 ˝ pk bˆ
L
Rfq “ φ. A
deformation of V ‚ over R is an isomorphism class of quasi-lifts of V ‚ over R. We denote the
deformation of V ‚ over R represented by pM‚, φq by rM‚, φs.
A proflat quasi-lift of V ‚ over R is a quasi-lift pM‚, φq of V ‚ over R whose cohomology groups are
topologically flat, and hence topologically free, pseudocompact R-modules. A proflat deformation
of V ‚ over R is an isomorphism class of proflat quasi-lifts of V ‚ over R.
Remark 2.1.8. There exist quasi-lifts that are not isomorphic to proflat quasi-lifts in D´pRΛq. For
example, suppose Λ “ k and V ‚ “ k
0
ÝÑ k is the two-term complex concentrated in the degrees ´1
and 0 with trivial differential. Then the two-term complex M‚ “ krrtss
t
ÝÑ krrtss concentrated in
the degrees ´1 and 0 defines a quasi-lift of V ‚ over krrtss. However, since M‚ is isomorphic to the
one-term complex krrtss{tkrrtss – k concentrated in degree 0, this quasi-lift is not isomorphic to a
proflat quasi-lift of V ‚ over krrtss.
Remark 2.1.9. The following two statements are proved in the same way as [6, Lemmas 2.9 and
2.11] by using Remark 2.1.1(ii) and the fact that a bounded above complex of topologically free
pseudocompact modules whose cohomology groups are all topologically free splits completely.
(i) Suppose R P ObpCˆq and pM‚, φq is a quasi-lift of V ‚ over R. Then there exists a quasi-
lift pP ‚, ψq of V ‚ over R that is isomorphic to pM‚, φq such that the terms of P ‚ are
topologically free pseudocompact RΛ-modules.
(ii) Suppose R P ObpCˆq and pM‚, φq is a proflat quasi-lift of V ‚ over R. Then HnpM‚q is an
abstractly free R-module of rank dn “ dimk H
npV ‚q for all n. Moreover, for any R1 P
ObpCˆq and for any morphism α : R Ñ R1 in Cˆ, there is a natural R1-linear isomorphism
R1bˆRH
npM‚q – HnpR1bˆ
L
RM
‚q.
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Definition 2.1.10. Let Fˆ “ FˆV ‚ : Cˆ Ñ Sets (resp. Fˆ
fl “ Fˆ flV ‚ : Cˆ Ñ Sets) be the map that sends
an object R of Cˆ to the set Fˆ pRq (resp. Fˆ flpRq) of all deformations (resp. all proflat deformations)
of V ‚ over R, and that sends a morphism α : R Ñ R1 in Cˆ to the set map Fˆ pRq Ñ Fˆ pR1q
(resp. Fˆ flpRq Ñ Fˆ flpR1q) given by rM‚, φs ÞÑ rR1bˆ
L
R,αM
‚, φαs. Here φα denotes the composition
kbˆ
L
R1pR
1bˆ
L
R,αM
‚q – kbˆ
L
RM
‚ φÝÑ V ‚. Let F “ FV ‚ (resp. F
fl “ F flV ‚) be the restriction of Fˆ (resp.
Fˆ fl) to the subcategory C of Artinian rings in Cˆ. In the following, we will use the subscript D to
denote the empty condition if we consider the map Fˆ , and the condition of having topologically
free cohomology groups if we consider the map Fˆ fl. In particular, the notation FˆD will be used to
refer to both Fˆ and Fˆ fl.
Let krεs, where ε2 “ 0, denote the ring of dual numbers over k. The set FDpkrεsq is called the
tangent space to FD, denoted by tFD .
Remark 2.1.11. Let FD and FˆD be as in Definition 2.1.10. Note that FˆDpRq is indeed a set for each
object R of Cˆ, as can be seen, for example, by using the concepts of [24, Sect. 3A]. Using similar
arguments as in the proof of [6, Prop. 2.12], it follows that the map FˆD is a functor Cˆ Ñ Sets.
Moreover, Fˆ fl is a subfunctor of Fˆ in the sense that there is a natural transformation Fˆ fl Ñ Fˆ that
is injective. If V 1
‚
is a complex in D´pΛq satisfying Hypothesis 1 such that there is an isomorphism
ν : V ‚ Ñ V 1
‚
in D´pΛq, then the natural transformation FˆD,V ‚ Ñ FˆD,V 1‚ presp. FD,V ‚ Ñ FD,V 1‚q
induced by rM‚, φs ÞÑ rM‚, ν ˝ φs is an isomorphism of functors.
The following theorem is the main result of Section 2.
Theorem 2.1.12. Assume Hypothesis 1, and let FD and FˆD be as in Definition 2.1.10.
(i) The functor FD has a pro-representable hull RDpΛ, V
‚q P ObpCˆq pc.f. [32, Def. 2.7] and [26,
Sect. 1.2]q, and the functor FˆD is continuous pc.f. [26]q.
(ii) If FD “ F , then tF is a vector space over k and there is a k-vector space isomorphism
h : tF Ñ Ext
1
D´pΛqpV
‚, V ‚q. If FD “ F
fl, then the composition of the natural map
tF fl Ñ tF and h induces an isomorphism between tF fl and the kernel of the natural map
Ext1D´pΛqpV
‚, V ‚q Ñ Ext1D´pkqpV
‚, V ‚q given by forgetting the Λ-action.
(iii) If HomD´pΛqpV
‚, V ‚q “ k, then FˆD is represented by RDpΛ, V
‚q.
Remark 2.1.13. By Theorem 2.1.12(i), there exists a quasi-lift pUDpΛ, V
‚q, φU q of V
‚ overRDpΛ, V
‚q
with the following property. For each R P ObpCˆq, the map Hom
Cˆ
pRDpΛ, V
‚q, Rq Ñ FˆDpRq given by
α ÞÑ rRbˆ
L
RDpΛ,V ‚q,αUDpΛ, V
‚q, φU,αs is surjective, and this map is bijective if R is the ring of dual
numbers krεs over k where ε2 “ 0.
In general, the isomorphism type of the pair consisting of the pro-representable hull RDpΛ, V
‚q
and the deformation rUDpΛ, V
‚q, φU s of V
‚ over RDpΛ, V
‚q is unique up to a non-canonical isomor-
phism. If RDpΛ, V
‚q represents FˆD, the pair pRDpΛ, V
‚q, rUDpΛ, V
‚q, φU sq is uniquely determined
up to a canonical isomorphism.
Definition 2.1.14. Using the notation of Theorem 2.1.12 and Remark 2.1.13, if FˆD “ Fˆ then we
call RDpΛ, V
‚q “ RpΛ, V ‚q the versal deformation ring of V ‚ and the deformation rUpΛ, V ‚q, φU s
is called the versal deformation of V ‚. If FˆD “ Fˆ
fl then we call RDpΛ, V
‚q “ RflpΛ, V ‚q the versal
proflat deformation ring of V ‚ and the deformation rU flpΛ, V ‚q, φU s is called the versal proflat
deformation of V ‚.
If RDpΛ, V
‚q represents FˆD, then RpΛ, V
‚q (resp. RflpΛ, V ‚q) will be called the universal defor-
mation ring (resp. the universal proflat deformation ring) of V ‚, and the deformation rUpΛ, V ‚q, φU s
(resp. rU flpΛ, V ‚q, φU s) will be called the universal deformation (resp. the universal proflat defor-
mation) of V ‚.
Remark 2.1.15.
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(i) By part (ii) of Theorem 2.1.12, the tangent space tF fl consists of those elements
γ P Ext1D´pΛqpV
‚, V ‚q “ HomD´pΛqpV
‚, V ‚r1sq
that induce the trivial map on cohomology. In other words, the k-vector space maps γi :
HipV ‚q Ñ Hi`1pV ‚q that are induced by γ have to be zero for all i.
(ii) By part (i) of Theorem 2.1.12, there exists a non-canonical continuous k-algebra homo-
morphism ffl : RpΛ, V
‚q Ñ RflpΛ, V ‚q. By part (ii) of Theorem 2.1.12, it follows that the
induced map between the Zariski cotangent spaces of these rings is surjective, implying that
ffl is surjective.
(iii) If V ‚ consists of a single module V 0 in degree 0, the versal deformation ring RpΛ, V ‚q is
isomorphic to the versal deformation ring RpΛ, V 0q studied in [9] (see Proposition 2.5.2).
To prove Theorem 2.1.12, we adapt the argumentation in [6] to our situation. Our first task is
to adapt results from [6, Sects. 3, 4 and 14] which prove key properties of quasi-lifts of V ‚.
2.2. Properties of quasi-lifts of V ‚. In this subsection, we analyze the structure of quasi-lifts of
V ‚ over Artinian rings R in C. The following full subcategories of C´pRΛq, K´pRΛq and D´pRΛq
play an important role in this situation.
Definition 2.2.1. Let R P ObpCq be Artinian. Define C´finpRΛq (resp. K
´
finpRΛq, resp. D
´
finpRΛq)
to be the full subcategory of C´pRΛq (resp. K´pRΛq, resp. D´pRΛq) whose objects are those
complexes M‚ of finite pseudocompact R-tor dimension having finitely many non-zero cohomology
groups, all of which have finite R-length.
Remark 2.2.2. Suppose R is an Artinian ring in ObpCq.
(i) By Remark 2.1.1(i), an RΛ-module has finite length if and only if it has finite length as an
R-module. Since R is local Artinian, an R-module has finite R-length if and only if it has
finite k-length.
(ii) Suppose N‚ is a complex in D´finpRΛq and X
‚ is a complex in D´pRΛq such that there is
an isomorphism ξ : X‚ Ñ N‚ in D´pRΛq. Then X‚ is an object of D´finpRΛq and ξ is an
isomorphism inD´finpRΛq. This follows since having finite pseudocompactR-tor dimension is
an invariant of isomorphisms in D´pRΛq, and since such isomorphisms induce isomorphisms
between the cohomology groups. In particular, if A‚ Ñ B‚ is a quasi-isomorphism in
K´pRΛq and one of A‚ or B‚ is an object of K´finpRΛq, then so is the other.
(iii) Let N‚, N‚1 , N
‚
2 be complexes in D
´
finpRΛq such that all their terms have finite k-length,
and let g : N‚1 Ñ N
‚
2 be a morphism in D
´
finpRΛq. By Remark 2.1.1(ii), and since RΛ is
Artinian, there exist bounded above complexes M‚, M‚1 and M
‚
2 of abstractly free finitely
generated RΛ-modules such that there are isomorphisms β : N‚ ÑM‚ and βi : N
‚
i ÑM
‚
i
in D´finpRΛq (i “ 1, 2). Then f “ β2 ˝ g ˝ β
´1
1 is a morphism f : M
‚
1 Ñ M
‚
2 in D
´
finpRΛq.
Let PR be the additive subcategory of PCModpRΛq of projective objects. By [34, Thm.
10.4.8], the natural functor K´pPRq Ñ D
´pRΛq is an equivalence of categories. Hence f
can be taken to be a morphism in K´finpRΛq.
The following two results, Lemmas 2.2.3 and 2.2.5, establish key properties of objects and mor-
phisms in D´finpRΛq. They replace [6, Cor. 3.6 and Lemma 3.8] in our situation. Since Λ is Artinian,
some of the statements can be simplified.
Lemma 2.2.3. Suppose R P ObpCq is Artinian, and N‚, N‚1 and N
‚
2 are objects in D
´
finpRΛq. Let
g : N‚1 Ñ N
‚
2 be a morphism in D
´
finpRΛq.
(i) There exists a bounded above complex M‚ of abstractly free finitely generated RΛ-modules,
and an isomorphism β : N‚ ÑM‚ in D´finpRΛq.
(ii) There exist bounded above complexes M‚1 and M
‚
2 of abstractly free finitely generated RΛ-
modules, a morphism f : M‚1 Ñ M
‚
2 in K
´
finpRΛq, and isomorphisms βi : N
‚
i Ñ M
‚
i in
D´finpRΛq pi “ 1, 2q such that f “ β2 ˝ g ˝ β
´1
1 as morphisms in D
´
finpRΛq.
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Proof. In view of Remark 2.2.2(iii), the main ingredient in the proof is the following claim, which
is proved using similar arguments as in the proof of [6, Lemma 3.4(i)].
Claim 1. Suppose N‚ is an object of D´finpRΛq satisfying H
jpN‚q “ 0 for j ă n. Then there exists
an exact sequence of complexes
(2.3) 0Ñ U‚
ι
ÝÑ N‚ Ñ N 1
‚
Ñ 0
in C´finpRΛq such that U
‚ is acyclic, and such that the terms of N 1
‚
have finite k-length and satisfy
N 1
j
“ 0 for j ă n.
Part (i) of Lemma 2.2.3 now follows from Claim 1 and Remark 2.2.2(iii). To prove part(ii) of
Lemma 2.2.3, we use Claim 1 to see that there exist bounded complexes N 11
‚
and N 12
‚
such that
all their terms have finite k-length, together with quasi-isomorphisms γi : N
‚
i Ñ N
1
i
‚
in C´finpRΛq
(i “ 1, 2) that are surjective on terms. Let g1 “ γ2 ˝ g ˝ γ
´1
1 : N
1
1
‚
Ñ N 12
‚
, so g1 is a morphism in
D´finpRΛq. Using Remark 2.2.2(iii), there exist bounded above complexes M
‚
1 and M
‚
2 of abstractly
free finitely generated RΛ-modules, a morphism f : M‚1 Ñ M
‚
2 in K
´
finpRΛq, and isomorphisms
β1i : N
1
i
‚
Ñ M‚i in D
´
finpRΛq pi “ 1, 2q such that f “ β
1
2 ˝ g
1 ˝ β11
´1
as morphisms in D´finpRΛq.
Letting βi “ β
1
i ˝ γi (i “ 1, 2), part (ii) follows. 
Definition 2.2.4. In the situation of Lemma 2.2.3(i), we say we can replace N‚ by M‚. In the
situation of Lemma 2.2.3(ii), we say we can replace N‚i by M
‚
i pi “ 1, 2q, and g by f .
Lemma 2.2.5. Suppose R P ObpCq is Artinian, and M‚ is an object of D´finpRΛq such that
HjpM‚q “ 0 for j ă n. Then M‚ has finite pseudocompact R-tor dimension at n.
Proof. By Lemma 2.2.3(i), we may assume that M‚ is a bounded above complex of abstractly
free finitely generated RΛ-modules. Hence all terms of M‚ are abstractly free finitely generated
R-modules. By Remark 2.1.6, there exists an integer n1 ď n such that M
n1{δn1´1pMn1´1q is a
topologically free pseudocompact R-module. Since Mn1 is a finitely generated R-module, it follows
that this is an abstractly free finitely generated R-module. To prove Lemma 2.2.5, it is enough
to show that Mn{δn´1pMn´1q is an abstractly free finitely generated R-module. This is proved
exactly in the same way as in the proof of [6, Lemma 3.8]. 
Remark 2.2.6. Suppose R P ObpCq is Artinian. Using Lemma 2.2.3(i) together with Remark 2.1.6
and Lemma 2.2.5, it follows that every object M‚ of D´finpRΛq is isomorphic in D
´
finpRΛq to a
bounded complex M 1
‚
such that all terms of M 1
‚
are abstractly free finitely generated R-modules
and such that all its terms, except possibly its leftmost non-zero term, are actually abstractly free
finitely generated RΛ-modules.
The following remark replaces [6, Cors. 3.10 and 3.11] in our situation. Note that since Λ is
already Artinian, we do not need to deal with quotient algebras of Λ.
Remark 2.2.7. Suppose R,S, T P ObpCq are Artinian rings with morphisms R
α
ÝÑ T
β
ÐÝ S in C. Let
X‚ be an object of D´finpRΛq, and let Z
‚ be an object of D´finpSΛq. Suppose τ : T bˆ
L
SZ
‚ Ñ T bˆ
L
RX
‚
is a morphism in D´finpTΛq. By Remark 2.1.4,
T bˆ
L
RX
‚ “ T bˆR σRpX
‚q and T bˆ
L
SZ
‚ “ T bˆS σSpZ
‚q
where σRpX
‚q (resp. σSpZ
‚q) is an object of K´pPRq (resp. K
´pPSq) and there exists an isomor-
phism ρX : X
‚ Ñ σRpX
‚q in D´pRΛq (resp. ρZ : Z
‚ Ñ σSpZ
‚q in D´pSΛq). By Remark 2.2.2(ii),
σRpX
‚q and ρX (resp. σSpZ
‚q and ρZ) are in D
´
finpRΛq (resp. D
´
finpSΛq).
By Lemma 2.2.3(i), there exists a bounded above complex X˜‚ (resp. Z˜‚) of abstractly free
finitely generated RΛ-modules (resp. SΛ-modules) and an isomorphism β˜ : X˜‚ Ñ X‚ in D´finpRΛq
(resp. γ˜ : Z˜‚ Ñ Z‚ in D´finpSΛq). Let β “ ρX ˝ β˜ and γ “ ρZ ˝ γ˜. Then β : X˜
‚ Ñ σRpX
‚q
(resp. γ : Z˜‚ Ñ σSpZ
‚q) is an isomorphism in D´finpRΛq (resp. D
´
finpSΛq). Since X˜
‚, σRpX
‚q (resp.
Z˜‚, σSpZ
‚q) are objects in K´pPRq (resp. K
´pPSq), β (resp. γ) can be taken to be a morphism in
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K´finpRΛq (resp. K
´
finpSΛq). Moreover, T bˆRβ “ T bˆ
L
Rβ (resp. T bˆSγ “ T bˆ
L
Sγ) is an isomorphism
in K´finpTΛq, and τ : T bˆS σSpZ
‚q Ñ T bˆR σRpX
‚q can be taken to be a morphism in K´finpTΛq.
Define
(2.4) τ˜ “ pT bˆRβq
´1 ˝ τ ˝ pT bˆSγq : T bˆSZ˜
‚ Ñ T bˆRX˜
‚.
Then we can replace X‚ (resp. Z‚) by X˜‚ (resp. Z˜‚), in the sense of Definition 2.2.4, and we can
replace τ by τ˜ . Note that β (resp. γ) only depends on X˜‚ and β˜ (resp. Z˜‚ and γ˜).
Using Remark 2.1.9(i), the following result is proved in a similar way to [6, Lemma 3.1].
Lemma 2.2.8. Suppose pM‚, φq is a quasi-lift of V ‚ over some Artinian ring R P ObpCq. Then M‚
is an object of D´finpRΛq. More precisely, H
ipM‚q is a subquotient of an abstractly free R-module of
rank di “ dimk H
ipV ‚q for all i.
The following result summarizes the main properties of quasi-lifts and proflat quasi-lifts of V ‚
over arbitrary objects R in Cˆ. The proof is very similar to the proof of [7, Thm. 2.10], once we
replace the results from [6] by the corresponding results stated above. For the convenience of the
reader, we provide some of the details.
Theorem 2.2.9. Suppose that HipV ‚q “ 0 unless n1 ď i ď n2. Every quasi-lift of V
‚ over an
object R of Cˆ is isomorphic to a quasi-lift pP ‚, ψq for a complex P ‚ with the following properties:
(i) The terms of P ‚ are topologically free RΛ-modules.
(ii) The cohomology group HipP ‚q is finitely generated as an abstract R-module for all i, and
HipP ‚q “ 0 unless n1 ď i ď n2.
(iii) One has HipSbˆ
L
RP
‚q “ 0 for all pseudocompact R-modules S unless n1 ď i ď n2.
Proof. Let R be an object of Cˆ, and let pM‚, φq be a quasi-lift of V ‚ over R. By Remark 2.1.9(i), it
follows that there exists a quasi-lift pP ‚, ψq of V ‚ over R that is isomorphic to the quasi-lift pM‚, φq
such that P ‚ satisfies property (i). It remains to verify properties (ii) and (iii). By (i), we can
assume that the terms of P ‚ are topologically free pseudocompact RΛ-modules. In particular, the
functors ´bˆ
L
RP
‚ and ´bˆRP
‚ are naturally isomorphic. LetmR denote the maximal ideal of R, and
let n be an arbitrary positive integer. By Lemmas 2.2.5 and 2.2.8, HippR{mnRqbˆRP
‚q “ 0 for i ą n2
and i ă n1. Moreover, for n1 ď i ď n2, H
ippR{mnRqbˆRP
‚q is a subquotient of an abstractly free
pR{mnRq-module of rank di “ dimk H
ipV ‚q, and pR{mnRqbˆRP
‚ has finite pseudocompact pR{mnRq-
tor dimension at N “ n1. Since P
‚ – lim
ÐÝ
n
pR{mnRqbˆRP
‚ and since by Remark 2.1.1(i), the category
PCModpRq has exact inverse limits, it follows that for all pseudocompact R-modules S
HipSbˆRP
‚q “ lim
ÐÝ
n
Hi
´
pS{mnRSqbˆR{mnR
`
pR{mnRqbˆRP
‚
˘¯
for all i. Hence Theorem 2.2.9 follows. 
2.3. More results on complexes and quasi-lifts. In this subsection, we first provide some
results from Milne [27], which are adapted from [6, Sect. 14] to our situation. Note that in [27,
Lemma VI.8.17] (resp. [27, Lemma VI.8.18]), the condition “π is surjective on terms” (resp. “ψ is
surjective on terms”) is necessary in the statement.
Lemma 2.3.1. ([27, Lemma VI.8.17]) Let R P ObpCˆq, and let M‚
φ
ÝÑ L‚
π
ÐÝ N‚ be morphisms
in C´pRΛq such that π is a quasi-isomorphism that is surjective on terms. If M‚ is a complex of
topologically free pseudocompact RΛ-modules, there exists a morphism ψ : M‚ Ñ N‚ in C´pRΛq
such that π ˝ ψ “ φ.
Remark 2.3.2. Suppose R,R0 P ObpCˆq such that R0 is a quotient ring of R. We write X Ñ X0,
φÑ φ0 for the functor R0bˆR´. Suppose M , N are topologically free pseudocompact RΛ-modules.
Then every continuous R0Λ-module homomorphism π : M0 Ñ N0 can be lifted to a continuous
RΛ-module homomorphism φ :M Ñ N such that π “ φ0.
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Lemma 2.3.3. ([27, Sublemma VI.8.20]) Let R,R0 P ObpCˆq such that R0 is a quotient ring of R.
As in Remark 2.3.2, we write X Ñ X0, φ Ñ φ0 for the functor R0bˆR´. Let φ : L
‚ Ñ M‚ be
a morphism in C´pRΛq of complexes of topologically free pseudocompact RΛ-modules. Then any
morphism L‚0 ÑM
‚
0 in C
´pR0Λq that is homotopic to φ0 is of the form ψ0, where ψ : L
‚ ÑM‚ is
a morphism in C´pRΛq that is homotopic to φ.
Lemma 2.3.4. ([27, Lemma VI.8.18]) Let R,R0 P ObpCq be Artinian such that R0 is a quotient
ring of R. As in Remark 2.3.2, we write X Ñ X0, φ Ñ φ0 for the functor R0bˆR´. Let M
‚
presp. N‚q be a bounded above complex of abstractly free finitely generated RΛ-modules presp. R0Λ-
modulesq, and let ψ be a quasi-isomorphism ψ : M‚0ÑN
‚ in C´pR0Λq that is surjective on terms.
Then there exist a bounded above complex L‚ of abstractly free finitely generated RΛ-modules, a
quasi-isomorphism φ : M‚ Ñ L‚ in C´pRΛq, and an isomorphism ρ : L‚0ÑN
‚ in C´pR0Λq, such
that ρ ˝ φ0 “ ψ.
The following remark (which replaces [6, Remark 5.2] in our situation) shows how one can relate
a morphism f in C´pRΛq to a morphism g in C´pRΛq that is surjective on terms.
Remark 2.3.5. Suppose R P ObpCˆq. Let M‚ and N‚ be two bounded above complexes of pseudo-
compact RΛ-modules, and let f :M‚ Ñ N‚ be a morphism in C´pRΛq. Let P ‚ be a bounded above
complex of topologically free pseudocompact RΛ-modules such that there is a quasi-isomorphism
P ‚ Ñ N‚ in C´pRΛq that is surjective on terms. Then the mapping cone C‚ of P ‚r´1s
id
ÝÑ P ‚r´1s
is an acyclic complex, and there is a morphism π : C‚ Ñ N‚ in C´pRΛq that is surjective on terms.
Define g :M‚ ‘ C‚ Ñ N‚ by g “ pf, πq, and define s :M‚ ÑM‚ ‘ C‚ by s “
ˆ
idM‚
0
˙
. Then g
is surjective on terms, s is a quasi-isomorphism and g ˝ s “ f .
Suppose there is a surjective morphism R1 Ñ R in Cˆ, and there is a bounded above complexX
‚ of
topologically free pseudocompact R1Λ-modules such that M
‚ “ RbˆR1X
‚. Since RΛ “ RbˆR1R1Λ,
there exists a bounded above complex Q‚ of topologically free pseudocompact R1Λ-modules with
P ‚ “ RbˆR1Q
‚. Hence C‚ “ RbˆR1D
‚, where D‚ is the mapping cone of Q‚r´1s
id
ÝÑ Q‚r´1s, and
M‚ ‘ C‚ “ RbˆR1pX
‚ ‘Q‚q.
Next, we look at quasi-lifts of V ‚ in the case when the endomorphism ring of V ‚ in D´pΛq is
isomorphic to k. We need the following remark.
Remark 2.3.6. Define Fˆ1 (resp. F1) to be the functor from Cˆ (resp. C) to the category Sets that
sends R to the set Fˆ1pRq (resp. F1pRq) of isomorphism classes of quasi-lifts of V
‚ over R that are
represented by bounded above complexes of topologically free pseudocompact RΛ-modules.
Using Remark 2.1.9(i), it follows as in the proof of [6, Lemma 4.2] that the natural transformation
Fˆ1 Ñ Fˆ presp. F1 Ñ F q is an isomorphism of functors.
Using Remark 2.3.6 and Lemma 2.3.3, the following result is proved in a similar way to [6, Prop.
4.3].
Proposition 2.3.7. Suppose HomD´pΛqpV
‚, V ‚q “ k. Then HomD´pRΛqpM
‚,M‚q “ R for every
quasi-lift pM‚, φq of V ‚ over an Artinian ring R P ObpCq.
2.4. Proof of Theorem 2.1.12. In this subsection, we prove Theorem 2.1.12. We follow the argu-
mentation in Sections 5 through 7 of [6] and explain how the key steps are adapted to our situation.
As in [6], we use Schlessinger’s criteria pH1q - pH4q for the pro-representability, respectively for the
existence of a pro-representable hull, of a functor of Artinian rings. We refer to [32, Thm. 2.11] for
a precise description of these criteria pH1q - pH4q.
Proposition 2.4.1. Schlessinger’s criteria pH1q and pH2q are always satisfied for FD. In the case
when HomD´pΛqpV
‚, V ‚q “ k, pH4q is also satisfied.
Proof. The proof of Proposition 2.4.1 closely follows the proof of [6, Prop. 5.1]. By Remark 2.1.11
and Lemma 2.2.3(i), we may assume, without loss of generality, that V ‚ is a bounded above complex
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of abstractly free finitely generated Λ-modules. Suppose A,B,C are Artinian rings in ObpCq and
that we have a diagram in C
A
α   ❅
❅❅
❅ B
β~~⑦⑦
⑦⑦
C
Let D be the pullback D “ AˆC B “ tpa, bq P AˆB
ˇˇ
αpaq “ βpbqu. Consider the natural map
χD : FDpDq Ñ FDpAq ˆFDpCq FDpBq.
Claim 1. If β is surjective, then χD is surjective. In particular, this implies that pH1q is always
satisfied for FD.
To prove Claim 1, suppose rX‚A, ξAs P FDpAq and rX
‚
B, ξBs P FDpBq such that there exists an
isomorphism
τ : Cbˆ
L
BX
‚
B Ñ Cbˆ
L
AX
‚
A
in D´pCΛq with ξA ˝ pkbˆ
L
Cτq “ ξB. By Remark 2.2.7, we can assume the following. The complex
X‚A (resp. X
‚
B) is a bounded above complex of abstractly free finitely generated AΛ-modules (resp.
BΛ-modules), τ is given by a quasi-isomorphism in C´pCΛq, and ξA (resp. ξB) is given by a quasi-
isomorphism in C´pΛq. By Remark 2.3.5, we can add to X‚B an acyclic complex of abstractly free
finitely generated BΛ-modules to be able to assume that τ is surjective on terms. We can now
complete the proof of Claim 1 in a similar way to the proof of [6, Lemma 5.3].
Claim 2. If β is surjective, and either HomD´pΛqpV
‚, V ‚q “ k or C “ k, then χD is injec-
tive. In particular, this implies that pH2q is always satisfied for FD, and pH4q is satisfied if
HomD´pΛqpV
‚, V ‚q “ k.
Since F fl is a subfunctor of F by Remark 2.1.11, it is enough to prove Claim 2 in the case when
FD “ F . Suppose rX
‚
D, ξs and rZ
‚
D, ζs are two elements in F pDq such that there is an isomorphism
τA : Abˆ
L
DZ
‚
D Ñ Abˆ
L
DX
‚
D (resp. τB : Bbˆ
L
DZ
‚
D Ñ Bbˆ
L
DX
‚
D) in D
´pAΛq (resp. D´pBΛq) with
ξ ˝ pkbˆ
L
AτAq “ ζ (resp. ξ ˝ pkbˆ
L
BτBq “ ζ) in D
´pΛq. In other words pAbˆ
L
DZ
‚
D, ζq and pAbˆ
L
DX
‚
D, ξq
(resp. pBbˆ
L
DZ
‚
D, ζq and pBbˆ
L
DX
‚
D, ξq) are isomorphic as quasi-lifts of V
‚ over A (resp. B). Consider
ϕC : Cbˆ
L
DZ
‚
D Ñ Cbˆ
L
DZ
‚
D in D
´pCΛq, defined by ϕC “ pCbˆ
L
AτAq
´1 ˝ pCbˆ
L
BτBq. If C “ k, then
ϕk “ pkbˆ
L
AτAq
´1 ˝ pkbˆ
L
BτBq “ pζ
´1 ˝ ξq ˝ pξ´1 ˝ ζq “ id
kbˆ
L
DZ
‚
D
in D´pΛq. If HomD´pΛqpV
‚, V ‚q “ k, then, by Proposition 2.3.7,
HomD´pCΛqpCbˆ
L
DZ
‚
D, Cbˆ
L
DZ
‚
Dq “ C.
Hence, in either case there exists a unit αC P C, with image 1 in k, such that ϕC is multiplication
by αC in D
´pCΛq. By Remark 2.2.7, we can assume the following.
(i) The complexes X‚D and Z
‚
D are bounded above complexes of abstractly free finitely gener-
ated DΛ-modules,
(ii) The morphisms ξ and ζ are given by quasi-isomorphisms ξ : k bD X
‚
D Ñ V
‚ and ζ :
k bD Z
‚
D Ñ V
‚ in C´pΛq.
(iii) The morphism τA (resp. τB) is given by a quasi-isomorphism τA : A bD Z
‚
D Ñ A bD X
‚
D
(resp. τB : BbDZ
‚
D Ñ BbDX
‚
D) in C
´pAΛq (resp. in C´pBΛq) such that ξ˝pkbAτAq “ ζ
(resp. ξ ˝ pk bB τBq “ ζ) in K
´pΛq.
Since β is surjective, D Ñ A is also surjective. By Remark 2.3.5, we can add to Z‚D an acyclic
complex of abstractly free finitely generated DΛ-modules to be able to assume that τA is surjective
on terms. We can now complete the proof of Claim 2 in a similar way to the proof of [6, Lemma
5.4]. 
Proposition 2.4.2. Let krεs be the ring of dual numbers over k where ε2 “ 0.
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(i) The tangent space tF is a vector space over k, and there is a k-vector space isomorphism
h : tF “ F pkrεsq ÝÑ HomD´pΛqpV
‚, V ‚r1sq “ Ext1D´pΛqpV
‚, V ‚q.
(ii) Composing the natural injection tF fl Ñ tF with h, we obtain an isomorphism between tF fl
and the kernel of the natural forgetful map
(2.5) Ext1D´pΛqpV
‚, V ‚q Ñ Ext1D´pkqpV
‚, V ‚q.
Proof. The proof of part (i) closely follows the proof of [6, Lemma 6.1]. By Remark 2.1.11, we
may assume that V ‚ is a bounded above complex of topologically free pseudocompact Λ-modules.
Suppose pM‚, φq is a quasi-lift of V ‚ over krεs. By Remark 2.3.6, we can assume that M‚ is a
bounded above complex of topologically free pseudocompact krεsΛ-modules. We have a short exact
sequence
0Ñ εM‚
ι
ÝÑM‚
π
ÝÑM‚{εM‚ Ñ 0
in C´pkrεsΛq. The mapping cone of ι is Cpιq‚ “ εM‚r1s ‘M‚ with i-th differential
δiCpιq “
ˆ
´δi`1M 0
ιi`1 δiM
˙
.
We obtain a distinguished triangle in K´pkrεsΛq
(2.6) εM‚
ι
ÝÑM‚
g
ÝÑ Cpιq‚
f
ÝÑ εM‚r1s
where gipbq “ p0, bq and f ipa, bq “ ´a. We define two morphisms in C´pkrεsΛq
p0, πq : Cpιq‚ “ εM‚r1s ‘M‚ ÑM‚{εM‚(2.7)
ψ : εM‚ ÑM‚{εM‚
by p0, πqipa, bq “ πipbq and ψipεxq “ πipxq. The kernel of p0, πq is the mapping cone of εM‚
id
ÝÑ
εM‚ which is acyclic; hence p0, πq is a quasi-isomorphism. The morphism ψ is an isomorphism of
complexes with inverse ψ´1 given by pψ´1qipπipxqq “ εx. Let Cpfq‚ be the mapping cone of f from
(2.6). By the triangle axioms (TR2) and (TR3) (see, for example, [34, Def. 10.2.1]) and by the
5-lemma for distinguished triangles (see, for example, [34, Ex. 10.2.2]), there exists an isomorphism
ρ : Cpfq‚ Ñ M‚r1s in K´pkrεsΛq, which is represented by a quasi-isomorphism in C´pkrεsΛq.
Therefore, we get a distinguished triangle in K´pkrεsΛq
(2.8) Cpιq‚
f //
p0,πq 
εM‚r1s // Cpfq‚ //
ρ
Cpιq‚r1s
p0,πqr1s
M‚{εM‚ εM‚r1s M‚r1s pM‚{εM‚qr1s
where the downward arrows are quasi-isomorphisms in C´pkrεsΛq. Hence the diagram
(2.9) Cpιq‚
p0,πq
xxqqq
qq f
%%❑❑
❑❑
❑
M‚{εM‚ εM‚r1s
defines a morphism fˆ : M‚{εM‚ Ñ εM‚r1s in D´pkrεsΛq. Because of (2.8), we obtain a distin-
guished triangle
M‚{εM‚
fˆ
ÝÑ εM‚r1s ÑM‚r1s Ñ pM‚{εM‚qr1s
in D´pkrεsΛq. Using the isomorphism φ :M‚{εM‚ Ñ V ‚ in D´pΛq, we obtain a morphism
fˆ1 P HomD´pkrεsΛqpV
‚, V ‚r1sq
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associated to fˆ , namely fˆ1 “ φ
1 ˝ fˆ ˝ φ´1, where φ1 “ φr1s ˝ ψr1s and ψ is as in (2.7). We define a
map
hˆ : F pkrεsq Ñ HomD´pkrεsΛqpV
‚, V ‚r1sq ,(2.10)
rM‚, φs ÞÑ fˆ1 .
As in the proof of [6, Lemma 6.1], it follows that hˆ is a well-defined injective set map. Moreover, it
follows that if pX‚, ξq is given by X‚ “ krεsbˆkV
‚ and ξ : kbˆkrεsX
‚ – V ‚
id
ÝÑ V ‚, i.e. rX‚, ξs is the
trivial deformation of V ‚ over krεs, then
fˆ1 “ hˆprX
‚, ξsq ` Inf
krεsΛ
Λ Res
Λ
krεsΛpfˆ1q
in HomD´pkrεsΛqpV
‚, V ‚r1sq. Because the map hˆ in (2.10) is injective and the inflation map
Inf
krεsΛ
Λ : HomD´pΛqpV
‚, V ‚r1sq Ñ HomD´pkrεsΛqpV
‚, V ‚r1sq
is injective, we obtain an injective map
h : F pkrεsq Ñ HomD´pΛqpV
‚, V ‚r1sq ,
rM‚, φs ÞÑ ResΛkrεsΛpfˆ1q .
Since Schlessinger’s criterion pH2q is valid by Proposition 2.4.1, it follows from [32, Lemma 2.10]
that tF “ F pkrεsq has a vector space structure. Hence we obtain as in the proof of [6, Lemma 6.1]
that the map h is k-linear and surjective. More precisely, an element α P HomD´pΛqpV
‚, V ‚r1sq
defines a quasi-lift, and hence a deformation, of V ‚ over krεs as follows. Since V ‚ is assumed to
be a bounded above complex of topologically free pseudocompact Λ-modules, α : V ‚ Ñ V ‚r1s can
be represented by a morphism in C´pΛq. Define an ε-action on the mapping cone Cpαr´1sq‚ by
εpa, bq “ p0, aq for all pa, bq P Cpαr´1sqi “ V i ‘ V i. Then the complex M‚ “ Cpαr´1sq‚ defines a
quasi-lift pM‚, φq of V ‚ over krεs whose deformation is sent to α under h. This proves part (i) of
Proposition 2.4.2.
Part (ii) is proved similarly to [6, Lemma 6.3]. Namely, by part (i), tF fl is isomorphic to the
subspace of Ext1D´pΛqpV
‚, V ‚q consisting of those elements that define proflat deformations of V ‚
over krεs. Let pM‚, φq be a quasi-lift of V ‚ over krεs. Then pM‚, φq is a proflat quasi-lift if the
cohomology groups of M‚ are topologically free pseudocompact, and hence abstractly free, krεs-
modules. In this case M‚ is isomorphic in D´pkrεsq to a bounded complex with trivial differentials
whose term in degree n is a free krεs-module of rank dimk H
npV ‚q for all integers n. Therefore, all
proflat quasi-lifts pM‚, φq of V ‚ over krεs are isomorphic in D´pkrεsq, when we forget the Λ-action.
This means that the tangent space tF fl is mapped to t0u under the forgetful map (2.5). Suppose
now that α P Ext1D´pΛqpV
‚, V ‚q is mapped to the zero morphism under (2.5). Then it follows from
the proof of part (i) that the deformation rM‚, φs of V ‚ over krεs corresponding to α is equal to the
trivial deformation rX‚, ξs of V ‚ over krεs where X‚ “ krεsbˆkV
‚ and ξ : kbˆkrεsX
‚ – V ‚
id
ÝÑ V ‚.
Since V ‚ is completely split in D´pkq, it follows that the cohomology groups of X‚ are abstractly
free, and hence topologically free, over krεs. Thus rM‚, φs is a proflat deformation of V ‚ over krεs.
This completes the proof of part (ii), and hence of Proposition 2.4.2. 
Proposition 2.4.3. Schlessinger’s criterion pH3q is satisfied, i.e. the k-dimension of the tangent
space tFD is finite.
Proof. The proof of Proposition 2.4.3 closely follows the proof of [6, Prop. 6.4]. By Proposition
2.4.2 it is enough to find an upper bound for the k-dimension of Ext1D´pΛqpV
‚, V ‚q. By truncating
and shifting, we can assume that V ‚ has the form
V ‚ : ¨ ¨ ¨ 0Ñ V ´n Ñ V ´n`1 Ñ ¨ ¨ ¨ Ñ V 0 Ñ 0 ¨ ¨ ¨ .
We first prove the following claim, which replaces the assumption in [6] that G has finite pseudo-
compact cohomology in our situation.
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Claim 1. IfM1,M2 are pseudocompact Λ-modules that are finite dimensional over k, then Ext
j
ΛpM1,M2q
is finite dimensional over k for all integers j.
To prove Claim 1, we note that by Remark 2.1.1(iii), ExtjΛpM1,M2q is computed by using a
projective resolution ofM1 in PCModpΛq. Since dimkM1 is finite, there exists a resolution ofM1 in
PCModpΛq consisting of abstractly free finitely generated Λ-modules. In other words, ExtjΛpM1,M2q
can be identified with the corresponding j-th Ext group in the category of finitely generated Λ-
modules. The latter group is known to be a finite dimensional k-vector space, which proves Claim
1.
Claim 2. Suppose n is a non-negative integer, and L‚1 (resp. L
‚
2) is a complex of pseudocompact
Λ-modules whose terms are concentrated between the degrees ´n1 and ´n1 ` n (resp. between
´n2 and ´n2 ` n), for integers n1 and n2. Then for all integers j, Ext
j
D´pΛqpL
‚
1, L
‚
2q has finite
k-dimension, if all cohomology groups of L‚1 and of L
‚
2 have finite k-dimension.
Claim 2 is proved by induction on n. If n “ 0, then L‚1 (resp. L
‚
2) is a module in degree ´n1
(resp. ´n2). Hence
Extj
D´pΛqpL
‚
1, L
‚
2q – Ext
j
ΛpH
´n1pL‚1qrn1s,H
´n2pL‚2qrn2sq – Ext
j`n2´n1
Λ pL
´n1
1 , L
´n2
2 q
which has finite k-dimension by Claim 1. We can now complete the proof of Claim 2 in a similar
way to the proof of [6, Prop. 6.4].
By setting L‚1 “ V
‚ “ L‚2 and j “ 1, Proposition 2.4.3 follows from Claim 2. 
Proposition 2.4.4. The functor FˆD : Cˆ Ñ Sets is continuous. In other words, for all objects R in
Cˆ with maximal ideal mR we have
FˆDpRq “ lim
ÐÝ
i
FˆDpR{m
i
Rq .
Proof. The proof of Proposition 2.4.4 closely follows the proof of [6, Prop. 7.2]. By Remark 2.1.11
and Lemma 2.2.3(i), we may assume, without loss of generality, that V ‚ is a bounded above complex
of abstractly free finitely generated Λ-modules. Let R be an object of Cˆ with maximal ideal mR.
Consider the natural map
(2.11) ΞD : FˆDpRq Ñ lim
ÐÝ
i
FˆDpR{m
i
Rq
defined by ΞDprM
‚, φsq “ tFˆDpπiqprM
‚, φsqu8i“1 “ trpR{m
i
Rqbˆ
L
RM
‚, φπisu
8
i“1 when πi : RÑ R{m
i
R
is the natural surjection for all i.
We first show that ΞD is surjective. Suppose we have a sequence of deformations trM
‚
i , φisu
8
i“1
with rM‚i , φis P FˆDpR{m
i
Rq “ FDpR{m
i
Rq for all i such that there is an isomorphism
αi : pR{m
i
Rqbˆ
L
R{mi`1
R
M‚i`1 ÑM
‚
i
in D´ppR{miRqΛq with φi ˝ pkbˆ
L
R{mi
R
αiq “ φi`1. We need to construct a quasi-lift pM
‚, φq with
rM‚, φs P FˆDpRq such that, for all i, there is an isomorphism βi : pR{m
i
Rqbˆ
L
RM
‚ Ñ M‚i in
D´ppR{miRqΛq with αi ˝ ppR{m
i
Rqbˆ
L
R{mi`1
R
βi`1q “ βi and φi ˝ pkbˆ
L
R{mi
R
βiq “ φ. We now construct
pM‚, φq inductively.
By Remark 2.2.7, we can replace M‚i by a bounded above complex N
‚
i of abstractly free finitely
generated pR{miRqΛ-modules, and we can replace φi by a quasi-isomorphism ψi : kbˆR{miRN
‚
i Ñ
V ‚ in C´pΛq. Suppose γi : N
‚
i Ñ M
‚
i is an isomorphism in D
´ppR{miRqΛq associated to these
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replacements. Then the diagram
(2.12) pR{miRqbˆR{mi`1
R
N‚i`1
pR{miRqbˆ
L
γi`1 // pR{miRqbˆ
L
R{mi`1
R
M‚i`1
αi

M‚i
γ
´1
i
N‚i
defines an isomorphism α˜i : pR{m
i
RqbˆR{mi`1
R
N‚i`1 Ñ N
‚
i in D
´ppR{miRqΛq, and α˜i replaces αi.
Moreover, ψi “ φi ˝ pkbˆ
L
R{mi
R
γiq satisfies
ψi ˝ pkbˆR{mi
R
α˜iq “ ψi`1 .
Since N‚i`1 is a bounded above complex of abstractly free finitely generated pR{m
i`1
R qΛ-modules,
we can assume that α˜i is represented by a quasi-isomorphism in C
´ppR{miRqΛq. By Remark 2.3.5,
we can add to N‚i`1 a suitable acyclic bounded above complex of abstractly free finitely generated
pR{mi`1R qΛ-modules to be able to assume that α˜i is surjective on terms. Continuing this process
inductively, we obtain an inverse system of quasi-lifts
tpN‚i , ψiqu
8
i“1 where rN
‚
i , ψis P FDpR{m
i
Rq.
Further, N‚i is a complex of abstractly free finitely generated pR{m
i
RqΛ-modules such that in the
diagram
(2.13) N‚i`1

pR{miRqbˆR{mi`1
R
N‚i`1
α˜i // N‚i
all arrows are morphisms in C´ppR{mi`1R qΛq that are surjective on terms. Define
M‚ “ lim
ÐÝ
i
N‚i and φ “ lim
ÐÝ
i
ψi .
Then we obtain in a similar way as in the proof of [6, Prop. 7.2] that all terms ofM‚ are topologically
free pseudocompact R-modules and that rM‚, φs P FˆDpRq. Letting for each i
β˜i : pR{m
i
RqbˆRM
‚ ÝÑ N‚i
be the natural isomorphism in C´ppR{miRqΛq, it follows that α˜i ˝ ppR{m
i
RqbˆR{mi`1
R
β˜i`1q “ β˜i,
where α˜i is as defined in (2.12), and ψi ˝ pkbˆR{mi
R
β˜iq “ φ. Hence, defining βi “ γi ˝ β˜i, we have
αi ˝ ppR{m
i
Rqbˆ
L
R{mi`1
R
βi`1q “ βi and φi ˝ pkbˆ
L
R{mi
R
βiq “ φ. Therefore, the map ΞD in (2.11) is
surjective.
We now show that ΞD is injective. Since Fˆ
fl is a subfunctor of Fˆ by Remark 2.1.11, it is enough
to show that ΞD is injective in the case when FˆD “ Fˆ . We notice that in the proof of [6, Prop.
7.2] an assumption was made to arrive at a morphism fi as in [6, Eq. (7.5)]. This needs more
explanation, which we will now provide in our situation. We first prove three claims.
Claim 1. Let rM‚, φs P Fˆ pRq. For all positive integers i, define
Zi “ tζi P EndD´ppR{mi
R
qΛqppR{m
i
Rqbˆ
L
RM
‚q | kbˆ
L
R{mi
R
ζi “ 0 in D
´pΛqu.
Then Zi is a finitely generated nilpotent pR{m
i
Rq-module.
To prove Claim 1, we first use Remarks 2.1.4 and 2.3.6 to assume without loss of generality that
M‚ is a bounded above complex of topologically free pseudocompact RΛ-modules. Hence
(2.14) Zi “ tζi P EndK´ppR{mi
R
qΛqppR{m
i
RqbˆRM
‚q | kbˆR{mi
R
ζi “ 0 in K
´pΛqu.
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It is obvious that Zi is an pR{m
i
Rq-module. Suppose H
jpV ‚q “ 0 for j ă n1 and j ą n2. By
Theorem 2.2.9, it follows that also HjppR{miRqbˆRM
‚q “ 0 for j ă n1 and j ą n2. By Lemma
2.2.3(i), there exists a bounded above complex N‚i of abstractly free finitely generated pR{m
i
RqΛ-
modules such that there is an isomorphism pR{miRqbˆRM
‚ Ñ N‚i in K
´
finppR{m
i
RqΛq. Hence we can
truncate N‚i at n1 and n2 to be able to assume that N
j
i “ 0 for j ă n1 and j ą n2 and that N
j
i
is an abstractly free finitely generated pR{miRq-module for n1 ď j ď n2. We obtain that Zi is an
pR{miRq-submodule of
EndK´pR{mi
R
qppR{m
i
RqbˆRM
‚q – EndK´pR{mi
R
qpN
‚
i q
which is isomorphic to a quotient module of EndC´pR{mi
R
qpN
‚
i q. This, in turn, is a submodule ofśn2
j“n1
EndR{mi
R
pN ji q, which is a free pR{m
i
Rq-module of finite rank. Since R{m
i
R is Noetherian,
it follows that Zi is a finitely generated pR{m
i
Rq-module. Since pζiq
i “ 0 in K´ppR{miRqΛq for all
ζi P Zi, Claim 1 follows.
Claim 2. Let rM‚, φs and Zi be as in Claim 1. For all positive integers i and for all j ě i, define
τ
j
i : Zj Ñ Zi to be the map that sends ζj P Zj to pR{m
i
Rqbˆ
L
R{mj
R
ζj . Then there exists N ě i
such that for all j ě N , τ ji pZjq “ τ
N
i pZN q. In other words, the inverse system tZi, τ
j
i u satisfies the
Mittag-Leffler condition.
Claim 2 follows almost immediately from Claim 1. Namely, by Claim 1, Zi is a finitely generated
module over the Artinian ring R{miR. In particular, Zi is Artinian. Consider the descending chain
of submodules
Zi “ τ
i
i pZiq Ě τ
i`1
i pZi`1q Ě τ
i`2
i pZi`2q Ě . . .
Since Zi is Artinian, this must stabilize after finitely many steps, proving Claim 2.
Claim 3. Suppose FˆD “ Fˆ and rM
‚, φs, rĂM‚, rφs P Fˆ pRq are such that ΞDprM‚, φsq “ ΞDprĂM‚, rφsq.
Then for all i, there exist isomorphisms fi : pR{m
i
Rqbˆ
L
RM
‚ Ñ pR{miRqbˆ
L
R
ĂM‚ in D´ppR{miRqΛq
such that pR{miRqbˆ
L
R{mi`1
R
fi`1 “ fi in D
´ppR{miRqΛq and
rφ ˝ pkbˆLR{mi
R
fiq “ φ in D
´pΛq.
To prove Claim 3, we can assume, as in the proof of Claim 1, that M‚ and ĂM‚ are bounded
above complexes of topologically free pseudocompact RΛ-modules. In particular, Zi is given as in
p2.14q. For each positive integer i, define
Si “
č
jěi
τ
j
i pZjq
which is a subset of Zi, and define σi : Si`1 Ñ Si by the restriction of τ
i`1
i to Si. Then σi is a
well-defined surjecive map for all i ě 1. By Claim 2, for each i ě 1 there exists a positive integer
Ni ě i such that Si “ τ
Ni
i pZNiq. Assume Ni ě i is chosen to be smallest with this property. Note
that by construction, Ni ď Ni`1 for all i.
By our assumptions for Claim 3, ΞDprM
‚, φsq “ ΞDprĂM‚, rφsq, which means that for each positive
integer i, there exists an isomorphism
γi : pR{m
i
RqbˆRM
‚ Ñ pR{miRqbˆR
ĂM‚
in K´ppR{miRqΛq such that
rφ ˝ pkbˆR{mi
R
γiq “ φ in K
´pΛq.
For each positive integer i, let Idi be the identity cochain map of pR{m
i
RqbˆRM
‚ and define
(2.15) f˜i “ pR{m
i
RqbˆR{mNi
R
γNi
and
(2.16) ζi “ f˜
´1
i ˝ ppR{m
i
RqbˆR{mi`1
R
f˜i`1q ´ Idi .
Then
ζi “ pR{m
i
RqbˆR{mNi
R
´
γ´1Ni ˝
´
pR{mNiR qbˆR{mNi`1
R
γNi`1
¯
´ IdNi
¯
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is an element of τNii pZNiq “ Si, since pkbˆR{miRγiq “
rφ´1 ˝ φ in K´pΛq for all i ě 1.
We define f1 “ f˜1 and f2 “ f˜2. Then
pR{mRqbˆR{m2
R
f2 “ kbˆR{mN2
R
γN2 “
rφ´1 ˝ φ “ kbˆ
R{m
N1
R
γN1 “ f1.
For all j ě 2, define ζ
pjq
j “ ζj to be the element in Sj defined in (2.16). Inductively, for all ℓ ě 1
and all j ě ℓ ` 2, use that σj´1 : Sj Ñ Sj´1 is surjective to choose an element ζ
pjq
j´ℓ P Sj with
σj´1pζ
pjq
j´ℓq “ ζ
pj´1q
j´ℓ . In particular, this means that for all j ě 3 and all 2 ď i ă j, the element
ζ
pjq
i P Sj is such that for all t with i ď t ă j, pσt ˝ σt`1 ˝ ¨ ¨ ¨ ˝ σj´1q pζ
pjq
i q “ ζ
ptq
i . For all j ě 3, we
define
fj “ f˜j ˝
´
Idj ` ζ
pjq
j´1
¯´1
˝
´
Idj ` ζ
pjq
j´2
¯´1
˝ ¨ ¨ ¨ ˝
´
Idj ` ζ
pjq
2
¯´1
where we use Claim 1 to see that, for all 2 ď i ď j, ζ
pjq
i P Sj Ď Zj is nilpotent, and hence pIdj`ζ
pjq
i q
is invertible in K´ppR{mjRqΛq. We obtain
pR{mj´1R qbˆR{mj
R
fj “
´
pR{mj´1R qbˆR{mj
R
f˜j
¯
˝
´
Idj´1 ` ζ
pj´1q
j´1
¯´1
˝´
Idj´1 ` ζ
pj´1q
j´2
¯´1
˝ ¨ ¨ ¨ ˝
´
Idj´1 ` ζ
pj´1q
2
¯´1
“ f˜j´1 ˝
´
Idj´1 ` ζ
pj´1q
j´2
¯´1
˝ ¨ ¨ ¨ ˝
´
Idj´1 ` ζ
pj´1q
2
¯´1
“ fj´1
in K´ppR{mj´1R qΛq, where the second to last equality follows from p2.16q. Moreover, we haverφ ˝ pkbˆ
R{mj
R
fjq “ rφ ˝ pkbˆR{mj
R
f˜jq ˝
´
Id1 ` kbˆR{mj´1
R
ζj´1
¯´1
˝ ¨ ¨ ¨ ˝
´
Id1 ` kbˆR{m2
R
ζ2
¯´1
“ rφ ˝ pkbˆ
R{mj
R
f˜jq “ rφ ˝ pkbˆ
R{m
Nj
R
γNj q “ φ
in K´pΛq, where the second equation follows since all ζi P Si Ď Zi. This proves Claim 3.
We are now ready to prove that ΞD in (2.11) is injective in the case when FˆD “ Fˆ . Suppose
rM‚, φs, rĂM‚, rφs in Fˆ pRq satisfy ΞDprM‚, φsq “ ΞDprĂM‚, rφsq. As in the proof of Claim 1, we can
assume without loss of generality that M‚ and ĂM‚ are bounded above complexes of topologically
free pseudocompact RΛ-modules. Hence it follows from Claim 3 that for all i ě 1, there exist
isomorphisms
fi : pR{m
i
RqbˆRM
‚ Ñ pR{miRqbˆR
ĂM‚
in K´ppR{miRqΛq such that pR{m
i
RqbˆR{mi`1
R
fi`1 “ fi in K
´ppR{miRqΛq and
rφ ˝ pkbˆR{mi
R
fiq “ φ
in K´pΛq. Suppose that for all i, fi is represented by a quasi-isomorphism in C
´ppR{miRqΛq. By
Remark 2.3.5, we can add to M‚ a suitable acyclic bounded above complex of topologically free
pseudocompact RΛ-modules to be able to assume that all fi are surjective on terms. Define h1 “ f1.
As in the proof of [6, Prop. 7.2], we can construct inductively, for all i, a quasi-isomorphism
hi : pR{m
i
RqbˆRM
‚ Ñ pR{miRqbˆRĂM‚
in C´ppR{miRqΛq that is surjective on terms such that hi is homotopic to fi and such that
pR{mjRqbˆR{miRhi “ hj
for all j ă i. It follows that
h “ lim
ÐÝ
i
hi : M
‚ “ lim
ÐÝ
i
ppR{miRqbˆRM
‚q ÝÑ lim
ÐÝ
i
ppR{miRqbˆR
ĂM‚q “ ĂM‚
is an isomorphism in K´pRΛq with rφ ˝ pkbˆRhq “ φ in K´pΛq. This completes the proof of
Proposition 2.4.4. 
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By [32, Sect. 2], Theorem 2.1.12 now follows from Propositions 2.4.1 through 2.4.4.
Remark 2.4.5. Note that we can prove claims that are similar to Claims 1 - 3 in the proof of
Proposition 2.4.4 to also provide more details in the proof of the continuity of the deformation
functor defined in [6]. As mentioned above, the main point is that in the proof of the injectivity of
the map ΓD defined in the proof of [6, Prop. 7.2] an assumption was made to arrive at a morphism
fi as in [6, Eq. (7.5)] that needs more explanation. We now briefly sketch the necessary arguments.
Suppose G is a profinite group with finite pseudocompact cohomology, as defined in [6, Def.
2.13]. Make the assumptions on k and Cˆ as in [6]. Assume V ‚ is a complex in D´prrkGssq that
has only finitely many non-zero cohomology groups, all of which have finite k-dimension. Let
FˆD “ FˆD,V ‚ : Cˆ Ñ Sets be the deformation functor defined in [6, Def. 2.10]. We want to show that
FˆD is continuous.
By [6, Prop. 2.12 and Cor. 3.6(i)] we may assume, without loss of generality, that there is a closed
normal subgroup ∆ of finite index in G such that V ‚ is a bounded above complex of abstractly free
finitely generated rkpG{∆qs-modules. Let R be an object of Cˆ with maximal ideal mR, and consider
the natural map
ΓD : FˆDpRq Ñ lim
ÐÝ
i
FˆDpR{m
i
Rq
defined by ΓDprM
‚, φsq “ trpR{miRqbˆ
L
RM
‚, φπisu
8
i“1 when πi : RÑ R{m
i
R is the natural surjection
for all i. The proof that ΓD is surjective is the same as in the proof of [6, Prop. 7.2]. For the proof
that ΓD is injective, we use that Fˆ
fl is a subfunctor of Fˆ by [6, Prop. 2.12]. Hence it suffices to
show that ΓD is injective in the case when FˆD “ Fˆ .
To prove this, we modify Claims 1 - 3 in the proof of Proposition 2.4.4 to arrive at the three
claims Claims G.1 - G.3 below. Using fi from Claim G.3, instead of the morphism fi in [6, Eq.
(7.5)], the remainder of the proof of the injectivity of ΓD follows then as in the proof of [6, Prop.
7.2].
Claim G.1. Let rM‚, φs P Fˆ pRq. For all positive integers i, define
Zi “ tζi P EndD´prrpR{mi
R
qGssqppR{m
i
Rqbˆ
L
RM
‚q | kbˆ
L
R{mi
R
ζi “ 0 in D
´prrkGssqu.
Then Zi is a finitely generated nilpotent pR{m
i
Rq-module.
Claim G.2. Let rM‚, φs and Zi be as in Claim G.1. For all positive integers i and for all j ě i, let
τ
j
i : Zj Ñ Zi be the map that sends ζj to pR{m
i
Rqbˆ
L
R{mj
R
ζj . Then there exists N ě i such that for
all j ě N , τ ji pZjq “ τ
N
i pZN q. In other words, the inverse system tZi, τ
j
i u satisfies the Mittag-Leffler
condition.
Claim G.3. Suppose FˆD “ Fˆ and rM
‚, φs, rĂM‚, rφs P Fˆ pRq are such that ΓDprM‚, φsq “ ΓDprĂM‚, rφsq.
Then for all i, there are isomorphisms fi : pR{m
i
Rqbˆ
L
RM
‚ Ñ pR{miRqbˆ
L
R
ĂM‚ in D´prrpR{miRqGssq
such that pR{miRqbˆ
L
R{mi
R
fi`1 “ fi in D
´prrpR{miRqGssq and
rφ ˝ pkbˆLR{mi
R
fiq “ φ in D
´prrkGssq.
The proofs of Claims G.1 - G.3 are rather similar to the proofs of Claims 1 - 3 in the proof of
Proposition 2.4.4. We use [6, Lemma 4.2] to be able to assume thatM‚ (and in Claim G.3 also ĂM‚)
is a bounded above complex of topologically free pseudocompact rrRGss-modules. If HjpV ‚q “ 0 for
j ă n1 and j ą n2, then we use [7, Thm. 2.10] to argue that H
jppR{miRqbˆRM
‚q “ 0 for j ă n1 and
j ą n2. Moreover, we use [6, Cor. 3.6(i)] to see that there exists a closed normal subgroup ∆i of finite
index in G and a bounded above complex N‚i of abstractly free finitely generated rpR{m
i
RqpG{∆iqs-
modules such that there is an isomorphism pR{miRqbˆRM
‚ Ñ InfGG{∆ipN
‚
i q in K
´
finprrpR{m
i
RqGssq.
In particular,
śn2
j“n1
EndR{mi
R
pN ji q is then a free pR{m
i
Rq-module of finite rank. The arguments of
the remainder of the proofs of Claims G.1 - G.3 are basically the same as in the proof of Proposition
2.4.4.
We now return to the situation in the present paper and, in particular, to the assumptions put
forward in Section 2.1.
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2.5. Special complexes V ‚. In this section we consider several cases of more special complexes
V ‚. Namely, we consider one-term and two-term complexes, and completely split complexes. The
results are adapted from [6, Sects. 9 and 11].
We first recall the deformation functor associated to a finitely generated Λ-module that was
studied in [9].
Remark 2.5.1. Let C be a finitely generated Λ-module, and let R be an object of Cˆ. According to
[9, Sect. 2], a lift of C over R is a pair pL, λq consisting of a finitely generated RΛ-module L that
is abstractly free as an R-module together with a Λ-module isomorphism λ : k bR M Ñ V . Two
lifts pL, λq and pL1, λ1q of C over R are said to be isomorphic if there is an RΛ-module isomorphism
f : L Ñ L1 with λ1 ˝ pk bR fq “ λ. A deformation of C over R is an isomorphism class of
lifts of C over R. We denote the deformation of C over R represented by pL, λq by rL, λs. The
deformation functor FˆC : Cˆ Ñ Sets is defined to be the covariant functor that sends an object R
of Cˆ to the set FˆCpRq of all deformations of C over R, and that sends a morphism α : R Ñ R
1 in
Cˆ to the set map FˆCpRq Ñ FˆCpR
1q given by rL, λs ÞÑ rR1 bR,α L, λαs where λα is the composition
kbR1 pR
1bR,αLq – kbRL
λ
ÝÑ C. Let FC : C Ñ Sets be the restriction of FˆC to the full subcategory
C of Artinian rings in Cˆ.
It was shown in [9, Prop. 2.1] that FC always has a pro-representable hull RpΛ, Cq in Cˆ, called
the versal deformation ring of C, and that FˆC is continuous. Moreover, if EndΛpV q “ k, it was
shown that FˆC is represented by RpΛ, Cq, in which case RpΛ, Cq is called the universal deformation
ring of C.
Proposition 2.5.2. Assume Hypothesis 1, and let FD and FˆD be as in Definition 2.1.10. Suppose
V ‚ has exactly one non-zero cohomology group C, which has finite k-dimension. Let FˆC be the
deformation functor considered in [9] psee Remark 2.5.1q. Then FˆD and FˆC are naturally isomorphic,
and RpΛ, V ‚q is isomorphic to the versal deformation ring RpΛ, Cq of C. In particular, RpΛ, V ‚q “
RflpΛ, V ‚q. The groups HomD´pΛqpV
‚, V ‚q and HomΛpC,Cq are isomorphic.
Proof. The proof of Proposition 2.5.2 closely follows the proof of [6, Prop. 9.1]. It will suffice to show
that the functor Fˆ : Cˆ Ñ Sets defined by the isomorphism classes of quasi-lifts of V ‚ is naturally
isomorphic to the functor FˆC from [9] (see Remark 2.5.1). Because Fˆ and FˆC are continuous (see
Proposition 2.4.4 and [9, Prop. 2.1]), it will suffice to show that the restrictions F and FC of these
functors to C are naturally isomorphic. Without loss of generality we can assume C “ H0pV ‚q and
V ‚ is the one-term complex with V 0 “ C and V i “ 0 for i ‰ 0 (see Remark 2.1.11).
If R is an Artinian ring in ObpCq and pM‚, φq is a quasi-lift of V ‚ over R, then M‚ has non-
zero cohomology only in degree 0 by Lemma 2.2.8. Hence pM‚, φq is isomorphic to a quasi-lift
pM 1
‚
, φ1q where M 1
0
“ H0pM‚q and M 1
i
“ 0 otherwise. Since, by Lemma 2.2.5, M‚ has finite
pseudocompact R-tor dimension at 0, it follows by Remark 2.1.6 and Lemma 2.2.8 that M 1
0
has
projective dimension 0 as abstract R-module. Hence M 1
0
is an abstractly free R-module because
R is local Artinian. Therefore k bR M
10 “ kbˆRM
10 is isomorphic to C “ H0pV ‚q since kbˆ
L
RM
‚ is
isomorphic to V ‚ in the derived category. We have now shown that pM 1
0
, φ1
0
q is a lift of C over
R, in the sense of [9], and the isomorphism class of pM 1
0
, φ1
0
q as a lift of C over R determines the
isomorphism class of pM‚, φq as a quasi-lift of V ‚ over R. Conversely, suppose pL, λq is a lift of C
over R, in the sense of [9]. Then L is an abstractly free R-module of rank equal to dimk C. Since R
is Artinian, this implies that L is a discrete RΛ-module of finite length, and hence a pseudocompact
RΛ-module. Thus the complex L‚ with L0 “ L and Li “ 0 for i ‰ 0 together with the morphism
ψ : k bR L
‚ “ kbˆRL
‚ Ñ V ‚ in C´pΛq given by ψ0 “ λ and ψi “ 0 for i ‰ 0 defines a quasi-lift
pL‚, ψq of V ‚ over R. This shows F and FC are naturally isomorphic functors. 
Remark 2.5.3. Suppose V ‚ has precisely two non-zero cohomology groups. Without loss of gen-
erality, we can assume these groups are U0 “ H
0pV ‚q and U´n “ H
´npV ‚q for some n ą 0, both
of finite k-dimension by Hypothesis 1. We will also regard U0, U´n as complexes concentrated in
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degree 0. In particular, we obtain a distinguished triangle in D´pΛq of the form
(2.17) U´nrns
ι
ÝÑ V ‚
π
ÝÑ U0
β
ÝÑ U´nrn` 1s .
By the triangle axioms, there exists a complex Cpβq‚ in D´pΛq, which is unique up to isomorphism,
such that
U0
β
ÝÑ U´nrn` 1s Ñ Cpβq
‚ Ñ U0r1s
is a distinguished triangle in D´pΛq. In other words, V ‚ – Cpβq‚r´1s in D´pΛq.
The statements and proofs of [6, Sect. 9] can be adapted to our situation. Here is a summary of
some of the main results:
(i) If the endomorphism rings of U0 and U´n are both given by scalars, then HomD´pΛqpV
‚, V ‚q “
k if and only if
(a) ExtnΛpU0, U´nq “ 0, and
(b) there exists a nontrivial element β P Extn`1Λ pU0, U´nq – HomD´pΛqpU0, U´nrn ` 1sq
such that V ‚ – Cpβq‚r´1s in D´pΛq.
(ii) We have the following description of the tangent space of the proflat deformation functor
Fˆ fl using Remark 2.1.15(i):
If n ě 2, then tF fl “ tF . If n “ 1, then tF fl is the subspace of tF “ Ext
1
D´pΛqpV
‚, V ‚q “
HomD´pΛqpV
‚, V ‚r1sq consisting of those elements f P tF satisfying πr1s ˝ f ˝ ι “ 0 in
HomD´pΛqpU´1r1s, U0r1sq, where ι and π are as in (2.17) for n “ 1.
(iii) Suppose that U´n and U0 have universal deformation rings R´n and R0 and universal
deformations rX´n, ψ´ns and rX0, ψ0s, respectively, in the sense of [9], and that
dimk Ext
1
ΛpU´n, U´nq ` dimk Ext
1
ΛpU0, U0q “ dimk tF fl .
Suppose furthermore that there exists a proflat quasi-lift pM‚, φq of V ‚ over R´nbˆkR0 such
that
H´npM‚q – pR´nbˆkR0qbˆR´nX´n and H
0pM‚q – pR´nbˆkR0qbˆR0X0 .
Then the versal proflat deformation ringRflpΛ, V ‚q is universal and isomorphic to R´nbˆkR0.
Remark 2.5.4. Suppose V ‚ is isomorphic in D´pΛq to a complex whose differentials are trivial.
Thus in D´pΛq, V ‚ is isomorphic to the direct sum
À
iH
ipV ‚qr´is, where there are only finitely
many non-zero terms in this sum and all terms have finite k-dimension by Hypothesis 1. Without
loss of generality, we can assume that all the differentials of V ‚ are trivial, so HipV ‚q “ V i for all i.
In this situation, a split quasi-lift of V ‚ over an object R of Cˆ is a proflat quasi-lift pM‚, φq of V ‚
over R such that M‚ is isomorphic in D´pRΛq to a complex whose differentials are trivial. A split
deformation is the isomorphism class of a split quasi-lift. Let Fˆ sp “ Fˆ spV ‚ : Cˆ Ñ Sets be the functor
that sends each object R of Cˆ to the set Fˆ sppRq of all split deformations of V ‚ over R.
The statements and proofs of [6, Sect. 11] can be adapted to our situation. Here is a summary
of some of the main results:
(i) The functor Fˆ sp is isomorphic to the product of the functors on Cˆ associated to deformations,
in the sense of [9], of the non-zero cohomology groups of V ‚ considered as Λ-modules.
Moreover, the functor Fˆ sp is naturally isomorphic to the functor Fˆ fl.
(ii) The versal split deformation ring RsppΛ, V ‚q associated to the split deformation functor Fˆ sp
is the tensor product
Âˆ
iRpΛ, V
iq over k of the versal deformation rings, in the sense of [9],
of the non-zero cohomology groups of V ‚. Suppose rUpΛ, V iq, φis is the versal deformation
of V i, in the sense of [9], when V i “ HipV ‚q ‰ t0u. A versal split deformation of V ‚ is
represented by the direct sum
U sppΛ, V ‚q “
à
i
RsppΛ, V ‚qbˆRpΛ,V iqUpΛ, V
iqr´is
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where i runs over those integers for which HipV ‚q ‰ t0u, together with the morphism
φU : k bRsppΛ,V ‚q U
sppΛ, V ‚q Ñ V ‚ in C´pΛq given by φiU “ φi for all i with H
ipV ‚q ‰ t0u
and φiU “ 0 for all other i.
(iii) The natural map on tangent spaces τ : F sppkrεsq Ñ F pkrεsq may be identified with the
natural inclusion
ι :
à
i
Ext1ΛpV
i, V iq Ñ Ext1D´pΛqpV
‚, V ‚q “
à
i,j
Ext1`i´jΛ pV
i, V jq.
(iv) We have a non-canonical surjective continuous k-algebra homomorphism fsp : RpΛ, V
‚q Ñ
RsppΛ, V ‚q. If the versal deformation ring RpΛ, V iq is universal for all i, then RsppΛ, V ‚q is
a universal split deformation ring. If in addition fsp is an isomorphism, then RpΛ, V
‚q is a
universal deformation ring for V ‚.
3. Derived equivalences and stable equivalences of Morita type
In [3], the first author proved that if k is a field of positive characteristic, and A and B are block
algebras of finite groups over a complete local commutative Noetherian ring with residue field k,
then a split-endomorphism two-sided tilting complex (as introduced by Rickard [30]) for the derived
categories of bounded complexes of finitely generated modules over A, resp. B, preserves the versal
deformation rings of bounded complexes of finitely generated modules over kA, resp. kB.
It is the goal of Section 3.1 to prove an analogous result, Theorem 3.1.5, when k is an arbitrary
field and A and B are replaced by arbitrary finite dimensional k-algebras. In Section 3.2, we
will then study the connection to stable equivalences of Morita type for self-injective algebras; see
Propositions 3.2.5 and 3.2.6. We assume the notation of Section 2.
If S is a ring, S-mod denotes the category of finitely generated left S-modules. Let CbpS-modq
be the category of bounded complexes in S-mod, let KbpS-modq be the homotopy category of
CbpS-modq, and let DbpS-modq be the derived category of KbpS-modq.
3.1. Deformations of complexes and derived equivalences. Recall from Section 2 that we
view the finite dimensional k-algebra Λ as a pseudocompact k-algebra with the discrete topology,
and every finitely generated Λ-module as a pseudocompact Λ-module with the discrete topology.
In particular, DbpΛ-modq can be identified with a full subcategory of the derived category D´pΛq
of bounded above complexes of pseudocompact Λ-modules.
Suppose Γ is another finite dimensional k-algebra, and R P ObpCˆq is arbitrary. Then RΛ and RΓ
are free R-modules of finite rank. Rickard proved in [29] that the derived categories DbpRΛ-modq
and DbpRΓ-modq are equivalent as triangulated categories if and only if there is a bounded complex
P ‚R of finitely generated RΓ-RΛ-bimodules and a bounded complex Q
‚
R of finitely generated RΛ-
RΓ-bimodules such that
Q‚R b
L
RΓ P
‚
R – RΛ in D
bppRΛ bR RΛ
opq-modq, and(3.1)
P ‚R b
L
RΛ Q
‚
R – RΓ in D
bppRΓbR RΓ
opq-modq.
If P ‚R and Q
‚
R exist, then the functors
P ‚R b
L
RΛ ´ : D
bpRΛ-modq Ñ DbpRΓ-modq and(3.2)
Q‚R b
L
RΓ ´ : D
bpRΓ-modq Ñ DbpRΛ-modq
are equivalences of derived categories, and Q‚R is isomorphic to RHomRΓpP
‚
R, RΓq in the derived
category of RΛ-RΓ-bimodules. The complexes P ‚R and Q
‚
R are called two-sided tilting complexes
(see [29, Def. 4.2]).
By [29, Prop. 3.1], P ‚R is isomorphic in D
bpRΓ-modq (resp. in DbpRΛop-modq) to a bounded
complexX‚ of finitely generated projective left RΓ-modules (resp. a bounded complex Y ‚ of finitely
generated projective rightRΛ-modules). Since RΓ and RΛ are free R-modules, projective bimodules
for these algebras are projective as left and right modules. Let
T ‚ : ¨ ¨ ¨ Ñ T n´1
δ
n´1
TÝÝÝÑ T n
δnTÝÑ T n`1 Ñ ¨ ¨ ¨
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be a projective RΓ-RΛ-bimodule resolution of P ‚R such that all terms of T
‚ are finitely generated
projective RΓ-RΛ-bimodules. By adding an acyclic complex of finitely generated projective RΓ-
RΛ-bimodules to T ‚ if necessary, we can find quasi-isomorphisms
f : T ‚ Ñ X‚ in C´pRΓ-modq and(3.3)
g : T ‚ Ñ Y ‚ in C´pRΛop-modq
that are surjective on terms. More precisely, we construct the acyclic complex of finitely generated
projective RΓ-RΛ-bimodules to be added to T ‚ inductively, starting from the right. Without loss
of generality, assume T i “ 0 “ X i “ Y i for i ą 0. Let F´1 be a finitely generated free RΓ-
RΛ-bimodule such that there exists a surjective RΛ-module homomorphism φ´1X : F
´1 Ñ X´1
and a surjective RΓ-module homomorphism φ´1Y : F
´1 Ñ Y ´1. Let ψ0X : F
´1 Ñ X0 be the
composition δ´1X ˝ φ
´1
X , and let ψ
0
Y : F
´1 Ñ Y 0 be the composition δ´1Y ˝ φ
´1
Y . Since f
0 : T 0 Ñ
X0 and g0 : T 0 Ñ Y 0 induce isomorphisms on the zero-th cohomology groups, it follows that
f˜0 “ pψ0X , f
0q : F´1 ‘ T 0 Ñ X0 and g˜0 “ pψ0Y , g
0q : F´1 ‘ T 0 Ñ Y 0 are surjective. In other
words, we have added the acyclic complex F´1
id
ÝÑ F´1, concentrated in the degrees ´1 and 0,
to T ‚ to ensure that the resulting homomorphisms f˜0 and g˜0 are surjective. Inductively, we now
work our way to the left and add acyclic complexes of finitely generated free RΓ-RΛ-bimodules
of the form F i´1
id
ÝÑ F i´1, concentrated in the degrees i ´ 1 and i, to T ‚, for i ď ´1 such that
there exists a surjective RΛ-module homomorphism φi´1X : F
i´1 Ñ X i´1 and a surjective RΓ-
module homomorphism φi´1Y : F
i´1 Ñ Y i´1. We also let ψiX : F
i´1 Ñ X i be the composition
δi´1X ˝ φ
i´1
X , and we let ψ
i
Y : F
i´1 Ñ Y i be the composition δi´1Y ˝ φ
i´1
Y , to receive surjective
RΓ-module homomorphisms f˜ i “ pψiX , φ
i
X , f
iq : F i´1 ‘ F i ‘ T i Ñ X i and surjective RΛ-module
homomorphisms g˜i “ pψiY , φ
i
Y , g
iq : F i´1 ‘ F i ‘ T i Ñ Y i for all i ď ´1. Replacing f by f˜ and g
by g˜, if necessary, we arrive at quasi-isomorphisms f , g as in (3.3) that are surjective on terms.
Since Kerpfq (resp. Kerpgq) is an acyclic complex of projective left RΓ-modules (resp. projective
right RΛ-modules), it splits completely. If X i “ 0 and Y i “ 0 for all i ď n, it follows that KerpδnT q is
isomorphic to the kernel of the n-th differential of Kerpfq (resp. Kerpgq) as a left RΓ-module (resp.
right RΛ-module). But the latter kernel is projective as a left RΓ-module (resp. right RΛ-module).
Hence we can truncate T ‚ at n:
¨ ¨ ¨ Ñ 0Ñ KerpδnT q Ñ T
n δ
n
TÝÑ T n`1 Ñ ¨ ¨ ¨
to produce a bounded complex that is isomorphic to P ‚R in D
bppRΓ bR RΛ
opq-modq with the
additional property that all the terms of this complex are projective as left and as right modules
and that all terms, except possibly the leftmost non-zero term, are actually projective as bimodules.
Similarly, we can assume that all terms of Q‚R are projective as left RΛ-modules and as right RΓ-
modules and that all terms, except possibly the leftmost non-zero term, are actually projective as
RΛ-RΓ-bimodules. In particular, we can take Q‚R to be the RΓ-dual
(3.4) rP ‚R “ HomRΓpP ‚R, RΓq.
In this situation, (3.1) is equivalent torP ‚R bRΓ P ‚R – RΛ in DbppRΛbR RΛopq-modq, and(3.5)
P ‚R bRΛ rP ‚R – RΓ in DbppRΓbR RΓopq-modq.
Definition 3.1.1. Let R P ObpCˆq. Suppose P ‚R is a bounded complex of finitely generated RΓ-RΛ-
bimodules.
(a) We call P ‚R a nice two-sided tilting complex, if all terms of P
‚
R are projective as left RΓ-
modules and as right RΛ-modules and (3.5) is satisfied for rP ‚R as in (3.4).
(b) If R “ k, then we write P ‚ “ P ‚R and
rP ‚ “ HomΓpP ‚,Γq. In other words, P ‚ is a nice
two-sided tilting complex if P ‚ is a bounded complex of finitely generated Γ-Λ-bimodules
such that all terms of P ‚ are projective as left Γ-modules and as right Λ-modules and such
that rP ‚ bΓ P ‚ – Λ in DbppΛ bk Λopq-modq, and P ‚ bΛ rP ‚ – Γ in DbppΓbk Γopq-modq.
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Remark 3.1.2. If Λ and Γ are symmetric k-algebras, then RΛ and RΓ are symmetric R-algebras for
all R P ObpCˆq, in the sense that RΛ (resp. RΓ), considered as a bimodule over itself, is isomorphic
to its R-linear dual HomRpRΛ, Rq (resp. HomRpRΓ, Rq). In particular, the functors HomRΓp´, RΓq
and HomRp´, Rq are then naturally isomorphic. Therefore, under the assumptions made prior to
(3.4), we may take Q‚R to be the R-dual
(3.6) qP ‚R “ HomRpP ‚R, Rq.
Rickard calls a bounded complex P ‚R of finitely generated RΓ-RΛ-bimodules a split-endomorphism
two-sided tilting complex, if all terms of P ‚R are projective as left RΓ-modules and as right RΛ-
modules and (3.5) is satisfied with rP ‚R replaced by qP ‚R (see [30, p. 336]).
Lemma 3.1.3. Suppose Λ and Γ are finite dimensional k-algebras, P ‚ is a nice two-sided tilting
complex in DbppΓ bk Λ
opq-modq as in Definition 3.1.1, and R P ObpCˆq. Then P ‚R “ R bk P
‚ is a
nice two-sided tilting complex in DbppRΓbR RΛ
opq-modq. Moreover,rP ‚RbˆRΓP ‚R – RΛ in D´pRΛbR RΛopq, and(3.7)
P ‚RbˆRΛ rP ‚R – RΓ in D´pRΓbR RΓopq.
In particular, the functors P ‚RbˆRΛ´ and
rP ‚RbˆRΓ´ provide quasi-inverse equivalences:
P ‚RbˆRΛ´ : D
´pRΛq Ñ D´pRΓq , and(3.8) rP ‚RbˆRΓ´ : D´pRΓq Ñ D´pRΛq .
Proof. We have
Rbk pΛbk Λ
opq – RΛbR RΛ
op
and
Rbk pΓbk Γ
opq – RΓbR RΓ
op
as pseudocompact R-algebras. Therefore, it follows from [29, Lemma 4.3] that P ‚R “ R bk P
‚ is a
two-sided tilting complex in DbppRΓbR RΛ
opq-modq. Note that R bk rP ‚ “ R bk HomΓpP ‚,Γq –
HomRΓpP
‚
R, RΓq “
rP ‚R as complexes of RΛ-RΓ-bimodules. Since all terms of P ‚ are projective as
left Γ-modules and as right Λ-modules, it follows that all terms of P ‚R are projective as left RΓ-
modules and as right RΛ-modules. Since Rbk p rP ‚bΓP ‚q – rP ‚RbRΓP ‚R in CbppRΛbRRΛopq-modq
and since R bk pP
‚ bΛ rP ‚q – P ‚R bRΛ rP ‚R in CbppRΓ bR RΓopq-modq, we obtain (3.5). In other
words, P ‚R is a nice two-sided tilting complex in D
bppRΓbR RΛ
opq-modq.
To prove the remaining statements of Lemma 3.1.3, we consider the isomorphisms in (3.5) more
closely. First, we note that since the terms of P ‚R are finitely generated projective left RΓ-modules
and finitely generated projective right RΛ-modules and since the terms of rP ‚R are finitely generated
projective left RΛ-modules and finitely generated projective right RΓ-modules, we can replace
the tensor products by completed tensor products. Moreover, since rP ‚ bΓ P ‚ – Λ in DbppΛ bk
Λopq-modq, it follows that this is also true in the derived category D´pΛbk Λ
opq of bounded above
pseudocompact Λ-Λ-bimodules. Similarly, P ‚ bΛ rP ‚ – Γ in the derived category D´pΓbk Γopq of
bounded above pseudocompact Γ-Γ-bimodules. Therefore, we obtain
R bk p rP ‚ bΓ P ‚q – Rbk Λ “ RΛ in D´pRΛbR RΛopq, and(3.9)
Rbk pP
‚ bΛ rP ‚q – Rbk Γ “ RΓ in D´pRΓbR RΓopq.
Since
Rbk p rP ‚ bΓ P ‚q – rP ‚R bRΓ P ‚R – rP ‚RbˆRΓP ‚R
in C´pRΛbR RΛ
opq and since
Rbk pP
‚ bΛ rP ‚q – P ‚R bRΛ rP ‚R – P ‚RbˆRΛ rP ‚R
in C´pRΓ bR RΓ
opq, the isomorphisms in (3.7) follow. This proves that the functors in (3.8) are
quasi-inverses between the derived categories of bounded above complexes of pseudocompact RΛ-
and RΓ-modules, completing the proof of Lemma 3.1.3. 
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Remark 3.1.4. Suppose Λ, Γ, P ‚ and R are as in Lemma 3.1.3. Then Lemma 3.1.3 implies, in
particular, that P ‚R is a bounded complex of finitely generated RΓ-RΛ-bimodules whose terms are
all projective as abstract right RΛ-modules. Hence we can use Remark 2.1.3 to see that all terms
of P ‚R are projective objects in the category of pseudocompact right RΛ-modules. Therefore, the
functor P ‚RbˆRΛ´ : K
´pRΛq Ñ K´pRΓq sends acyclic complexes to acyclic complexes (see, for
example, [34, Acyclic Assembly Lemma 2.7.3]). This implies that P ‚RbˆRΛ´ is its own left derived
functor, i.e.
P ‚Rbˆ
L
RΛ´ “ P
‚
RbˆRΛ´ : D
´pRΛq Ñ D´pRΓq
(see, for example, [34, Ex. 10.5.5]). Similarly, we see that
rP ‚RbˆLRΓ´ “ rP ‚RbˆRΓ´ : D´pRΓq Ñ D´pRΛq .
In particular, we can identify the functors P ‚bˆ
L
Λ´, P
‚bˆΛ´ and P
‚ bΛ ´ as functors from D
´pΛq
to D´pΓq.
Theorem 3.1.5. Suppose Λ and Γ are finite dimensional k-algebras, and P ‚ is a nice two-sided
tilting complex in DbppΓ bk Λ
opq-modq as in Definition 3.1.1. Let V ‚ be a complex in D´pΛq
satisfying Hypothesis 1, and let V 1
‚
“ P ‚bˆ
L
ΛV
‚ “ P ‚ bΛ V
‚. Then the deformation functors
FˆV ‚ and FˆV 1‚ are naturally isomorphic. In particular, the versal deformation rings RpΛ, V
‚q and
RpΓ, V 1
‚
q are isomorphic in Cˆ, and RpΛ, V ‚q is a universal deformation ring of V ‚ if and only if
RpΓ, V 1
‚
q is a universal deformation ring of V 1
‚
.
Proof. By Remarks 2.1.11 and 3.1.4, we may assume, without loss of generality, that V ‚ is a bounded
above complex of topologically free pseudocompact Λ-modules. We use the notation from Lemma
3.1.3. Let R P ObpCˆq and let pM‚, φq be a quasi-lift of V ‚ over R. By Remark 2.1.9(i), we can
assume that the terms ofM‚ are topologically free pseudocompact RΛ-modules. SinceM‚ has finite
pseudocompact R-tor dimension, we can truncateM‚ to obtain a complex N‚ that is isomorphic to
M‚ in D´pRΓq such that N‚ is a bounded complex of RΛ-modules, all of which are topologically
free as R-modules.
Define M 1
‚
“ P ‚RbˆRΛM
‚ and N 1
‚
“ P ‚RbˆRΛN
‚, so M 1
‚
and N 1
‚
are isomorphic objects of
D´pRΓq. Since P ‚R is a bounded complex of finitely generated projective right RΛ-modules and
since N‚ is a bounded complex of topologically free R-modules, it follows that N 1
‚
is also a bounded
complex of topologically free R-modules. But this means that there exists an integer n such that for
all pseudocompact R-modules S and all integers i ă n we have HipSbˆRN
1‚q “ HipSbˆ
L
RN
1‚q “ 0.
Therefore N 1
‚
, and hence M 1
‚
, both have finite pseudocompact R-tor dimension.
Next we note that we can view K´pΛq as the full subcategory of K´pRΛq consisting of bounded
above complexes of pseudocompact RΛ-modules on which the maximal ideal mR of R acts trivially.
Moreover, on K´pΛq the functor P ‚RbˆRΛ´ coincides with the functor P
‚bˆΛ´ : K
´pΛq Ñ K´pΓq.
Viewing both functors as functors onK´pΛq, their corresponding left derived functors L´pP ‚RbˆRΛ´q
and L´pP ‚bˆΛ´q “ P
‚bˆ
L
Λ´ “ P
‚bˆΛ´ coincide as functors from D
´pΛq to D´pΓq. Define φ1 “
L´pP ‚RbˆRΛ´qpφq, so φ
1 is an isomorphism in D´pΓq. Since M‚ is a bounded above complex of
topologically free pseudocompact RΛ-modules and since we assumed that V ‚ is a bounded above
complex of topologically free pseudocompact Λ-modules, we obtain φ1 “ P ‚RbˆRΛφ. Therefore,
M 1
‚
bˆ
L
Rk “M
1‚bˆRk “ pP
‚
RbˆRΛM
‚qbˆRk “ P
‚
RbˆRΛpM
‚bˆRkq
φ1
ÝÑ P ‚RbˆRΛV
‚ “ V 1
‚
which means pM 1
‚
, φ1q is a quasi-lift of V 1
‚
. It follows that for each R P ObpCˆq, the functor P ‚RbˆRΛ´
induces a bijection τR from the set of deformations of V
‚ over R onto the set of deformations of
V 1
‚
over R.
It remains to show that the maps τR are natural with respect to morphisms α : R Ñ R
1 in
Cˆ. Considering pM‚, φq and pM 1
‚
, φ1q as above, it suffices to show that pR1bˆR,αM
1‚, pφ1qαq and
pP ‚R1bˆR1ΛpR
1bˆR,αM
‚q, P ‚R1bˆR1Λpφαqq are isomorphic as quasi-lifts of V
1‚ over R1. Since all the
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terms of P ‚R are finitely generated projective right RΛ-modules and since all the terms of M
‚ are
topologically free as R-modules, it follows that there is a natural isomorphism
f : M 1
‚
bˆR,αR
1 “ pP ‚RbˆRΛM
‚qbˆR,αR
1 Ñ P ‚R1bˆR1ΛpM
‚bˆR,αR
1q
in D´pR1Γq (in fact in C´pR1Γq). Moreover, the diagram`
M 1
‚
bˆR,αR
1
˘
bˆR1k
fbˆR1k //
–

`
P ‚R1bˆR1ΛpM
‚bˆR,αR
1q
˘
bˆR1k
–

M 1
‚
bˆRk
φ1
''❖❖
❖❖❖
❖❖❖
❖❖❖
❖❖
P ‚R1bˆR1ΛpM
‚bˆRkq
P ‚
R1
bˆR1Λφuu❧❧❧
❧❧❧
❧❧❧
❧❧❧
❧❧❧
V 1
‚
commutes in D´pΓq. Hence pR1bˆR,αM
1‚, pφ1qαq – pP
‚
R1bˆR1ΛpR
1bˆR,αM
‚q, P ‚R1bˆR1Λpφαqq.
This means that the functors FˆV ‚ and FˆV 1‚ are naturally isomorphic, which implies Theorem
3.1.5. 
3.2. Stable equivalences of Morita type for self-injective algebras. We use the notation
introduced in Section 3.1. Moreover, we assume throughout this section that both Λ and Γ are
self-injective finite dimensional k-algebras.
If V is any finitely generated Λ-module or Γ-module, let FˆV : Cˆ Ñ Sets be the deformation functor
considered in [9] (see also Remark 2.5.1), and let FV be its restriction to the full subcategory C of
Cˆ consisting of Artinian rings.
We first collect some useful facts, which were proved as Claims 1, 2 and 6 in the proof of [9,
Thm. 2.6], only using the assumption that Λ is a self-injective finite dimensional k-algebra. Note
that we need to add the assumption that M (resp. M0) is free over R (resp. R0) in Claims 1 and
2 in the proof of [9, Thm. 2.6]. This makes no difference in the overall proof of [9, Thm. 2.6] since
these claims were only used under this assumption.
Remark 3.2.1. Suppose Λ is a self-injective finite dimensional k-algebra. Let R,R0 be Artinian
rings in C, and let π : RÑ R0 be a surjection in C. Let M , Q (resp. M0, Q0) be finitely generated
RΛ-modules (resp. R0Λ-modules) that are free over R (resp. R0), and assume that Q (resp. Q0) is
projective. Suppose there are R0Λ-module isomorphisms g : R0bR,πM ÑM0, h : R0bR,πQÑ Q0.
(i) If ν0 P HomR0ΛpM0, Q0q, then there exists ν P HomRΛpM,Qq with ν0 “ h˝pR0bR,πνq˝g
´1.
(ii) If σ0 P EndΛpM0q factors through a projectiveR0Λ-module, then there exists σ P EndRΛpMq
such that σ factors through a projective RΛ-module and σ0 “ g ˝ pR0 bR,π σq ˝ g
´1.
Let P be a finitely generated projective Λ-module. Let ιR : k Ñ R be the unique morphism in C
endowing R with a k-algebra structure, and let πR : RÑ k be the morphism from R to its residue
field k in C. Then πR ˝ ιR is the identity on k, and PR “ Rbk,ιR P is a projective RΛ-module cover
of P , which is unique up to isomorphism. In particular, pPR, πR,P q is a lift of P over R, where πR,P
is the natural isomorphism k bR,πR pRbk,ιR P q Ñ P of Λ-modules.
(iii) Suppose there is a commutative diagram of finitely generated RΛ-modules
(3.10) 0 // PR

g // T

h // C

// 0
0 // P
g // k bR T
h // k bR C // 0
in which T and C are free over R and the bottom row arises by tensoring the top row with
k over R and using the Λ-module isomorphism πR,P : k bR,πR PR Ñ P . Then the top row
of p3.10q splits as a sequence of RΛ-modules.
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We need the following result, which is a generalization of [9, Thm. 2.6(iii)].
Lemma 3.2.2. Suppose Λ is a self-injective finite dimensional k-algebra and that V and P are
finitely generated non-zero Λ-modules and P is projective. Then P has a universal deformation
ring RpΛ, P q and RpΛ, P q – k. The deformation functors FˆV and FˆV‘P are naturally isomorphic.
In particular, the versal deformation rings RpΛ, V q and RpΛ, V ‘ P q are isomorphic in Cˆ, and
RpΛ, V q is universal if and only if RpΛ, V ‘ P q is universal.
Proof. Since P is a projective Λ-module, it follows that Ext1ΛpP, P q “ 0, which implies by [9, Prop.
2.1] that the versal deformation ring of P is isomorphic to k. For each R P ObpCˆq, let ιR : k Ñ R
be the unique morphism in Cˆ endowing R with a k-algebra structure, and let πR : R Ñ k be the
morphism from R to its residue field k in Cˆ. Then πR ˝ ιR is the identity morphism of k. This
implies that k is the universal deformation ring of P .
Let R P ObpCq be Artinian. Define a map
FV pRq Ñ FV‘P pRq ,(3.11)
rM,φs ÞÑ rM ‘ PR, φ‘ πR,P s
where PR “ R bk,ιR P and πR,P : k bR,πR PR Ñ P are as in Remark 3.2.1. Then (3.11) is a
well-defined map that is natural with respect to morphisms α : RÑ R1 in C, since α ˝ ιR “ ιR1 and
πR1 ˝α “ πR. Since the deformation functors FˆV and FˆV‘P are continuous, it suffices to show that
the map (3.11) is bijective for all R P ObpCq to complete the proof of Lemma 3.2.2.
Suppose first that pM,φq and pM 1, φ1q are two lifts of V over R such that there exists an RΛ-
module isomorphism f “
ˆ
f11 f12
f21 f22
˙
:M ‘PR ÑM
1‘PR with pφ
1‘πR,P q˝ pkbfq “ φ‘πR,P .
In particular, φ1 ˝ pkb f11q “ φ and kb f22 is the identity morphism on P . By Nakayama’s Lemma,
this implies that f11 and f22 are RΛ-module isomorphisms, since M and M
1 are free R-modules of
the same finite rank. Therefore, rM,φs “ rM 1, φ1s and the map p3.11q is injective.
We now show that the map p3.11q is surjective. Let pT, τq be a lift of V ‘ P over R. Since PR
is a projective RΛ-module, there exists an RΛ-module homomorphism g that makes the following
diagram commute
(3.12) PR
g //˜
0
pr
¸

T

V ‘ P
τ´1 // k bR T
where pr is obtained by first tensoring PR with k over R and then using the Λ-module isomorphism
πR,P : kbR,πRPR Ñ P . Then g induces an injective Λ-module homomorphism g
1 and a commutative
diagram of Λ-modules
(3.13) PR{mR PR
g1 //
πR,P

T {mRT
P
ιP

V ‘ P k bR Tτ
oo
where ιP : P Ñ V ‘ P is the natural injection and, as before, mR denotes the maximal ideal of
R. Using Nakayama’s Lemma, it follows that g is injective. Letting C be the cokernel of g, we
obtain a commutative diagram (3.10). Since PR and T are free R-modules and since g and g
1 (and
hence g “ g1 ˝ π´1R,P ) are injective, an elementary Nakayama’s Lemma argument shows that C is
also free as an R-module. Therefore, by Remark 3.2.1(iii), the top row of (3.10) splits as a sequence
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of RΛ-modules. Let j : C Ñ T be an RΛ-module splitting of h. By tensoring with k over R, we
obtain a Λ-module splitting j : k bR C Ñ k bR T of h. Consider the RΛ-module isomorphism
pj, gq : C ‘ PR Ñ T .
Since τ ˝g “ τ ˝g1 ˝π´1R,P “ ιP by (3.13), there exists a Λ-module isomorphism ξ : kbRC Ñ V such
that pV ˝τ “ ξ˝h, where pV : V ‘P Ñ V is the natural projection onto V . Letting pP : V ‘P Ñ P
be the natural projection onto P , we have
pP ˝ τ ˝ pk bR gq “ pP ˝ τ ˝ g
1 “ pP ˝ ιP ˝ πR,P “ πR,P ,(3.14)
pV ˝ τ ˝ pk bR gq “ pV ˝ τ ˝ g
1 “ pV ˝ ιP ˝ πR,P “ 0,
pV ˝ τ ˝ pk bR jq “ pV ˝ τ ˝ j “ ξ ˝ h ˝ j “ ξ, and
pP ˝ τ ˝ pk bR jq “ pP ˝ τ ˝ j .
By Remark 3.2.1(i), there exists an RΛ-module homomorphism λ : C Ñ PR such that
k bR λ “ π
´1
R,P ˝ pP ˝ τ ˝ j .
Letting j1 “ j ´ g ˝ λ shows that j1 is also an RΛ-module splitting of h and j1 “ k bR j1 is also
a Λ-module splitting of h. Hence, on replacing j by j1 and using the equations (3.14), we see that
pV ˝ τ ˝ pk bR j1q “ ξ and
pP ˝ τ ˝ pk bR j1q “ pP ˝ τ ˝ j ´ pP ˝ τ ˝ pk bR gq ˝ pk bR λq “ 0 .
This means that pj1, gq : C‘PR Ñ T provides an isomorphism between the lifts pC‘PR, ξ‘πR,P q
and pT, τq of V ‘ P over R. Hence the map (3.11) is bijective for all R P ObpCq, which completes
the proof of Lemma 3.2.2. 
The following definition of stable equivalence of Morita type goes back to Broue´ [11].
Definition 3.2.3. Suppose Λ and Γ are self-injective finite dimensional k-algebras. Let X be a
Γ-Λ-bimodule and let Y be a Λ-Γ-bimodule. We say X and Y induce a stable equivalence of Morita
type between Λ and Γ, if X and Y are projective both as left and as right modules, and if
Y bΓ X – Λ‘ P as Λ-Λ-bimodules, and(3.15)
X bΛ Y – Γ‘Q as Γ-Γ-bimodules,
where P is a projective Λ-Λ-bimodule, and Q is a projective Γ-Γ-bimodule. In particular, X bΛ ´
and Y bΓ´ induce mutually inverse equivalences between the stable module categories Λ-mod and
Γ-mod.
Remark 3.2.4. It follows from a result by Rickard (see [29, Cor. 5.5] and [21, Prop. 6.3.8]) that
a derived equivalence between DbpΛ-modq and DbpΓ-modq induces a stable equivalence of Morita
type between Λ and Γ.
More precisely, let KbpΛ-projq be the full subcategory of DbpΛ-modq consisting of all objects
isomorphic to bounded complexes of finitely generated projective Λ-modules. Then KbpΛ-projq is
a thick subcategory of DbpΛ-modq and we can build the Verdier quotient
DbpΛ-modq{KbpΛ-projq
(see, for example, [22, Sect. 4.6] for the construction of this quotient). Rickard proved in [28, Thm.
2.1] that this Verdier quotient is equivalent as a triangulated category to the stable module category
Λ-mod.
Suppose now that there is a derived equivalence between DbpΛ-modq and DbpΓ-modq. As in
Section 3.1, there exists a nice two-sided tilting complex P ‚ (see Definition 3.1.1(b) in the case
where R “ k). Following the proof of [29, Cor. 5.5], let T ‚ be a projective Γ-Λ-bimodule resolution
of P ‚ such that all terms of T ‚ are finitely generated projective Γ-Λ-bimodules. For large n ą 0,
we can truncate T ‚ to obtain a bounded complex
S‚ : ¨ ¨ ¨ Ñ 0Ñ S´n Ñ T´n`1 Ñ T´n`2 Ñ ¨ ¨ ¨
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that is isomorphic to P ‚ inDbppΓbΛopq-modq, where all terms but S´n are projective Γ-Λ-bimodules
and S´n is projective as a left Γ-module and as a right Λ-module. If we let X “ Ω´nΓΛpS
´nq, the
p´nq-th syzygy as a Γ-Λ-bimodule, then S‚ is isomorphic to the one-term complex X concentrated
in degree 0 in DbppΓbk Λ
opq-modq{KbpΓbk Λ
opq-projq. Moreover, we have that rS‚ “ HomΓpS‚,Γq
has the form rS‚ : ¨ ¨ ¨ Ñ rT n´2 Ñ rT n´1 Ñ rSn Ñ 0Ñ ¨ ¨ ¨
where rT i “ HomΓpT´i,Γq for i ă n and rSn “ HomΓpS´n,Γq. If we let Y “ ΩnΛΓprSnq, the n-th
syzygy as a Λ-Γ-bimodule, then rS‚ is isomorphic to the one-term complex Y concentrated in degree
0 in DbppΛ bk Γ
opq-modq{KbpΛ bk Γ
opq-projq. Using (3.5), we obtain
Y bΓ X – rS‚ bΓ S‚ – rP ‚ bΓ P ‚ – Λ in DbppΛbk Λopq-modq{KbppΛ bk Λopq-projq, and
X bΛ Y – S
‚ bΓ rS‚ – P ‚ bΛ rP ‚ – Γ in DbppΓbk Γopq-modq{KbppΓbk Γopq-projq.
Using that DbppΛ bk Λ
opq-modq{KbppΛ bk Λ
opq-projq is equivalent as a triangulated category to
pΛbk Λ
opq-mod and that DbppΓbk Γ
opq-modq{KbppΓbk Γ
opq-projq is equivalent as a triangulated
category to pΓbkΓ
opq-mod, we obtain that X and Y satisfy (3.15). In other words, X and Y induce
a stable equivalence of Morita type between Λ and Γ.
The following result is proved using Theorem 3.1.5 and Lemma 3.2.2.
Proposition 3.2.5. Suppose Λ and Γ are finite dimensional self-injective k-algebras. Let P ‚ be
a nice two-sided tilting complex in DbppΓ bk Λ
opq-modq such that P ‚ is isomorphic in DbppΓ bk
Λopq-modq{KbppΓ bk Λ
opq-projq to a one-term complex X concentrated in degree 0, as in Remark
3.2.4. Let V be a finitely generated Λ-module, and let V 1 “ X bΛ V , so V
1 is a finitely generated
Γ-module. Then RpΛ, V q and RpΓ, V 1q are isomorphic in Cˆ.
Proof. If we view V as a one-term complex concentrated in degree 0, then it follows from Proposition
2.5.2 and Theorem 3.1.5 that RpΛ, V q – RpΓ, P ‚ bΛ V q in Cˆ. We have that
P ‚ bΛ V – S
‚ bΛ V – X bΛ V
in DbpΓ-modq{KbpΓ-projq, where S‚ is as in Remark 3.2.4. By [28, Thm. 2.1],
DbpΓ-modq{KbpΓ-projq – Γ-mod
as triangulated categories. By Definition 3.1.1(b) and by (3.15), we haverP ‚ bΓ pP ‚ bΛ V q – V in D´pΛq, and
Y bΓ pX bΛ V q – V ‘ pP bΛ V q in Λ-mod.
Since moreover RpΛ, V q – RpΛ, V ‘ pP bΛ V qq by Lemma 3.2.2, we obtain that
RpΓ, P ‚ bΛ V q – RpΓ, X bΛ V q
in Cˆ. Therefore, RpΛ, V q – RpΓ, P ‚ bΛ V q – RpΓ, X bΛ V q in Cˆ. 
Note that not every stable equivalence of Morita type between self-injective algebras is induced
by a derived equivalence (see, for example, [13] and its references). Therefore, we next show that
an arbitrary stable equivalence of Morita type between self-injective algebras preserves versal de-
formation rings. The arguments are very similar to those used in [4, Sect. 2.2].
Proposition 3.2.6. Suppose Λ and Γ are self-injective finite dimensional k-algebras. Suppose X
is a Γ-Λ-bimodule and Y is a Λ-Γ-bimodule that induce a stable equivalence of Morita type between
Λ and Γ. Let V be a finitely generated Λ-module, and define V 1 “ X bΛ V . Then the deformation
functors FˆV and FˆV 1 are naturally isomorphic. In particular, the versal deformation rings RpΛ, V q
and RpΓ, V 1q are isomorphic in Cˆ, and RpΛ, V q is a universal deformation ring of V if and only if
RpΓ, V 1q is a universal deformation ring of V 1.
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Proof. Let R P ObpCq be Artinian. Then XR “ R bk X is projective as left RΓ-module and as
right RΛ-module, and YR “ Rbk Y is projective as left RΛ-module and as right RΓ-module. Since
XR bRΛ pYRq – Rbk pX bΛ Y q, we have, using (3.15),
YR bRΓ XR – RΛ‘ PR as RΛ-RΛ-bimodules, and
XR bRΛ YR – RΓ‘QR as RΓ-RΓ-bimodules,
where PR “ R bk P is a projective RΛ-RΛ-bimodule and QR “ R bk Q is a projective RΓ-RΓ-
bimodule.
Since P is a projective Λ-Λ-bimodule, it follows that P bΛ V is a projective left Λ-module.
By Lemma 3.2.2 it follows that P bΛ V has a universal deformation ring, which is isomorphic to
k. In particular, every lift of P bΛ V over R is isomorphic to pRbk pP bΛ V q, πR,PbΛV q, where
πR,PbΛV : k bR pRbk pP bΛ V qq Ñ P bΛ V is the natural isomorphism of Λ-modules.
Let now pM,φq be a lift of V over R. Then M is a finitely generated RΛ-module. Define
M 1 “ XR bRΛ M . Since XR is a finitely generated projective right RΛ-module and since M is
a finitely generated abstractly free R-module, it follows that M 1 is a finitely generated projective,
and hence abstractly free, R-module.
Next we note that we can view Λ-mod as the full subcategory of RΛ-mod consisting of all finitely
generated RΛ-modules on which the maximal ideal mR of R acts trivially. Moreover, on Λ-mod the
functor XR bRΛ ´ coincides with the functor X bΛ ´. Define φ
1 “ XR bRΛ φ, so φ
1 is a Γ-module
isomorphism, since XR is projective as a right RΛ-module. Then
(3.16) M 1 bR k “ pXR bRΛ Mq bR k “ XR bRΛ pM bR kq
φ1
ÝÑ XR bRΛ V “ V
1
which means pM 1, φ1q is a lift of V 1 over R. We therefore obtain for all R P ObpCq a well-defined
map
τR : FV pRq Ñ FV 1pRq ,
rM,φs ÞÑ rM 1, φ1s “ rXR bRΛ M,XR bRΛ φs .
We need to show that τR is bijective. Arguing as in (3.16), we see that pYR bRΓ M
1, YR bRΓ φ
1q
is a lift of Y bΓ V
1 – V ‘ pP bΛ V q over R. Moreover,
pYR bRΓ M
1, YR bRΓ φ
1q – ppRΛ ‘ PRq bRΛ M, pRΛ‘ PRq bRΛ φq(3.17)
– pM ‘ pPR bRΛ Mq, φ‘ pPR bRΛ φqq.
Since pPR bRΛ M,PR bRΛ φq is a lift of the projective Λ-module P bΛ V over R, it follows from
Lemma 3.2.2 that τR is injective.
Now let pL,ψq be a lift of V 1 “ X bΛ V over R. Then pL
1, ψ1q “ pYR bRΓ L, YR bRΓ ψq is a lift
of V 2 “ Y bΓ V
1 – V ‘ pP bΛ V q over R. By Lemma 3.2.2, there exists a lift pM,φq of V over R
such that pL1, ψ1q is isomorphic to the lift pM ‘ pR bk pP bΛ V qq, φ‘ πR,PbΛV q. Arguing similarly
as in (3.17), we then have that pL1, ψ1q is isomorphic to pM2, φ2q “ pYR bRΓM
1, YR bRΓ φ
1q where
pM 1, φ1q “ pXRbRΛM,XRbRΛφq. Therefore, pXRbRΛL
1, XRbRΛψ
1q – pXRbRΛM
2, XRbRΛφ
2q.
Arguing again similarly as in (3.17) and using Lemma 3.2.2, we have
pXR bRΛ L
1, XR bRΛ ψ
1q –
`
L‘ pRbk pQbΓ V
1qq, ψ ‘ πR,QbΓV 1
˘
, and
pXR bRΛ M
2, XR bRΛ φ
2q –
`
M 1 ‘ pR bk pQbΓ V
1qq, φ1 ‘ πR,QbΓV 1
˘
.
Thus by Lemma 3.2.2, it follows that pL,ψq – pM 1, φ1q, i.e. τR is surjective.
To show that the maps τR are natural with respect to morphisms α : R Ñ R
1 in C, consider
pM,φq and pM 1, φ1q as above. Since XR is a projective right RΛ-module and M is a free R-module,
there exists a natural isomorphism
f : R1 bR,α M
1 “ R1 bR,α pXR bRΛ Mq Ñ XR1 bR1Λ pR
1 bR,α Mq
of R1Γ-modules. It is straightforward to see that f provides an isomorphism between the lifts
pR1 bR,α M
1, pφ1qαq and pXR1 bR1Λ pR
1 bR,α Mq, XR1 bR1Λ pφαqq of V
1 over R1.
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Since the deformation functors FˆV and FˆV 1 are continuous, this implies that they are naturally
isomorphic. Hence the versal deformation ringsRpΛ, V q andRpΓ, V 1q are isomorphic in Cˆ. Moreover,
RpΛ, V q is universal if and only if RpΓ, V 1q is universal. 
The following two remarks will be important in Section 4.
Remark 3.2.7. Using the notation of Proposition 3.2.6, suppose that the stable endomorphism ring
EndΛpV q is isomorphic to k. Then it follows that EndΓpV
1q is also isomorphic to k. Because Λ and
Γ are self-injective, this implies by [9, Thm. 2.6] that the versal deformation rings RpΛ, V q and
RpΓ, V 1q are in fact universal. Since EndΓpV
1q “ k, there exists a non-projective indecomposable
Γ-module V 10 (unique up to isomorphism) that is a direct summand of V
1 with EndΓpV
1
0q “ k and
RpΓ, V 1q – RpΓ, V 10q (see Lemma 3.2.2). It follows that RpΛ, V q – RpΓ, V
1
0q.
Remark 3.2.8. Using the notation of Proposition 3.2.6, let G : Λ-mod Ñ Γ-mod denote the stable
equivalence of Morita type induced by X bΛ ´. Denote by modPpΛq (resp. modPpΓq) the full
subcategory of Λ-mod (resp. Γ-mod) whose objects are the modules that have no non-zero projective
summands, and denote the correspondence between modPpΛq and modPpΓq that is induced by G
again by G. Let
0Ñ A
pfsq
ÝÝÑ B ‘ P
pg,tq
ÝÝÝÑ C Ñ 0
be an almost split sequence in Λ-mod where A,B,C are in modPpΛq, B is non-zero and P is
projective. Then, by [2, Prop. X.1.6], for any morphism g1 : GpBq Ñ GpCq with Gpgq “ g1 in
Γ-mod, there is an almost split sequence
0Ñ GpAq
pf
1
u q
ÝÝÑ GpBq ‘ P 1
pg1,vq
ÝÝÝÑ GpCq Ñ 0
in Γ-mod where P 1 is projective and Gpfq “ f 1 in Γ-mod.
Suppose now additionally that Λ and Γ are symmetric algebras with no blocks of Loewy length
2. Then it follows by [2, Cor. X.1.9 and Prop. X.1.12] that the stable Auslander-Reiten quivers of
Λ and Γ are isomorphic stable translation quivers, and G commutes with the syzygy functor Ω.
If V and V 1 are as in Proposition 3.2.6, this means, in particular, that the stable Auslander-
Reiten quiver components of V and V 1 match up, including the relative positions of V and V 1 in
these components. We will see in Section 4 how to use this to transfer results about universal
deformation rings of Λ-modules V with EndΛpV q “ k to results about the universal deformation
rings of the corresponding Γ-modules V 1.
4. A family of examples
We use the notation from Section 3. Moreover, we assume that k is an algebraically closed field.
In this section, we consider the derived equivalence classes of the family of symmetric k-algebras
Dp3Rq introduced by Erdmann in [14]. In Section 4.1, we describe these derived equivalence classes,
which were obtained by Holm in [19, Sect. 3.2]. In Section 4.2, we apply the results from Section
3 together with the results in [9] and [33] to obtain universal deformation rings of Λ-modules for
other algebras Λ of dihedral type that are derived equivalent to members of the family Dp3Rq.
4.1. The derived equivalence classes of the algebras in the family Dp3Rq. In [14], Erdmann
introduced the symmetric k-algebras of dihedral type Dp3Rqa,b,c,d, for integers a ě 1, b, c, d ě 2,
see Figure 1.
In [19, Sect. 3.2], Holm determined all algebras of dihedral type with precisely three isomorphism
classes of simple modules that are derived equivalent to Dp3Rqa,b,c,d for various a, b ě 1; c, d ě 2.
Note that for a ě 1; c, d ě 2, we define the algebra Dp3Rqa,1,c,d as in Figure 2.
Holm showed in [19, Thm. 3.4] that no block of a group algebra with dihedral defect groups is
derived equivalent to Dp3Rqa,b,c,d for any a, b ě 1; c, d ě 2. Note that up to derived equivalence,
we can order 1 ď a ď b ď c ď d; 2 ď c in Dp3Rqa,b,c,d. By [19, Sect. 3.2], there are precisely
five additional families of Morita equivalence classes of algebras of dihedral type that are derived
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Figure 1. The family Dp3Rqa,b,c,d “ kr3Rs{I3R,a,b,c,d for a ě 1; b, c, d ě 2.
3R “
0 1
‚α ::
β // ‚
δ
✟✟
✟✟
✟✟
✟✟
✟✟
ρdd
2
‚
λ
ZZ✻✻✻✻✻✻✻✻✻✻
ξ
ZZ
I3R,a,b,c,d “ xαλ, λξ, ξδ, δρ, ρβ, βα, α
b ´ pλδβqa, ρc ´ pβλδqa, ξd ´ pδβλqay.
Figure 2. The family Dp3Rqa,1,c,d “ kr3R1s{I3R1,a,c,d for a ě 1; c, d ě 2.
3R1 “
0 1
‚
β // ‚
δ
✟✟
✟✟
✟✟
✟✟
✟✟
ρdd
2
‚
λ
ZZ✻✻✻✻✻✻✻✻✻✻
ξ
ZZ
I3R1,a,c,d “ xλξ, ξδ, δρ, ρβ, ρ
c ´ pβλδqa, ξd ´ pδβλqay.
equivalent to the algebras in the family Dp3Rqa,b,c,d, a, b ě 1; c, d ě 2. We list these Morita
equivalence classes in Figure 3.
4.2. Universal deformation rings for algebras in the derived equivalence classes of
members of Dp3Rq. In [8], [9] and [33], the universal deformation rings of certain modules of
Dp3Rqa,b,c,d were determined for various a, b ě 1; c, d ě 2. Recall that it follows from [9, Thm. 2.6]
(see also Remark 3.2.7) that if Λ is a self-injective finite dimensional k-algebra and V is a finitely
generated Λ-module whose stable endomorphism ring is isomorphic to k then the versal deformation
ring RpΛ, V q is universal.
Remark 4.2.1. In [8], the first author and S. Talbott studied the case Dp3Rq1,1,2,2, which is of
polynomial growth, and determined all indecomposable Dp3Rq1,1,2,2-modules whose stable endo-
morphism rings are isomorphic to k, together with their universal deformation rings.
Using Figure 3, we obtain the following list of Morita equivalence classes of algebras of dihedral
type that are derived equivalent to Dp3Rq1,1,2,2:
Dp3Rq1,1,2,2, Dp3Qq1,2,2, Dp3Lq2,2, Dp3Aq2,22 , Dp3Bq
1,2,2
2 , Dp3Bq
2,1,2
2 , Dp3Dq
1,1,2,2
2 .
By Proposition 3.2.5, it follows that if Λ is any of the algebras in this derived equivalence class
and V is an indecomposable Λ-module with EndΛpV q “ k, then RpΛ, V q – RpDp3Rq
1,1,2,2, V 1q
if V corresponds to V 1 under the stable equivalence of Morita type between Λ and Dp3Rq1,1,2,2
that is induced by the derived equivalence. By Remark 3.2.8, we see additionally that the stable
Auslander-Reiten quiver components of V and V 1 match up, including the relative positions of V
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Figure 3. Morita equivalence classes of algebras of dihedral type that are derived
equivalent to Dp3Rqa,b,c,d for various a, b ě 1; c, d ě 2 (see [19, Sect. 3.2]).
(A) The family Dp3Qqb,c,d “ kr3Qs{I3Q,b,c,d, b ě 1; c, d ě 2, which is derived equivalent to
Dp3Rq1,b,c,d :
3Q “
0 1
‚α ::
β // ‚
δ
✆✆
✆✆
✆✆
✆✆
✆
ρdd
‚
λ
\\✾✾✾✾✾✾✾✾✾
2
I3Q,b,c,d “ xαλ, δρ, ρβ, βα, α
c ´ pλδβqb, ρd ´ pβλδqby.
(B) The family Dp3Lqc,d “ kr3Ls{I3L,c,d, c, d ě 2, which is derived equivalent to Dp3Rq
1,1,c,d :
3L “
0 1
‚α ::
β // ‚
δ
✆✆
✆✆
✆✆
✆✆
✆
‚
λ
\\✾✾✾✾✾✾✾✾✾
2
I3L,c,d “ xαλ, βα, α
d ´ pλδβqc, δpβλδqcy.
(C) The family Dp3Aqc,d2 “ kr3As{Ip3Aq2,c,d, c ě d ě 2, which is derived equivalent to
Dp3Rq1,1,c,d :
3A “
0
1 ‚
β //
γ
oo ‚
δ //
η
oo ‚ 2
Ip3Aq2,c,d “ xγη, δβ, pβγq
c ´ pηδqdy.
(D) The family Dp3Bqb,c,d2 “ kr3Bs{Ip3Bq2,b,c,d, b, c ě 1 pb ` c ą 2q; d ě 2 which is derived
equivalent to Dp3Rq1,b,c,d if c ě 2 and to Dp3Rq1,c,b,d if c “ 1 (and hence b ě 2) :
3B “
1 0
‚α ::
β //
γ
oo ‚
δ //
η
oo ‚ 2
Ip3Bq2,b,c,d “ xαγ, βα, γη, δβ, α
d ´ pγβqb, pβγqb ´ pηδqcy.
(E) The family Dp3Dqa,b,c,d2 “ kr3Ds{Ip3Dq2,a,b,c,d, a, b ě 1; c, d ě 2 which is derived equivalent
to Dp3Rqa,b,c,d:
3D “
1 0 2
‚α ::
β //
γ
oo ‚
δ //
η
oo ‚ ξdd
Ip3Dq2,a,b,c,d “ xαγ, βα, γη, δβ, ηξ, ξδ, α
c ´ pγβqa, pβγqa ´ pηδqb, ξd ´ pδηqby.
and V 1 in these components. This reaffirms the results in [8, Thm. 1.1] (see also [8, Props. 3.1-3.3])
for these algebras.
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In [9, Sect. 3], the authors studied the algebra Dp3Rq1,2,2,2 and determined all indecomposable
Dp3Rq1,2,2,2-modules whose stable endomorphism rings are isomorphic to k, together with their
universal deformation rings.
Using Proposition 3.2.5, Remark 3.2.8 and [9, Thm. 1.2] (see also [9, Thm. 3.8, Props. 3.9-3.11,
Thm. 3.16, Prop. 3.17]), we obtain the following result for all algebras of dihedral type in the
derived equivalence class of Dp3Rq1,2,2,2.
Theorem 4.2.2. Let Λ be one of the following algebras:
(4.1) Dp3Rq1,2,2,2, Dp3Qq2,2,2, Dp3Bq2,2,22 , Dp3Dq
1,2,2,2
2 .
Suppose C is a component of the stable Auslander-Reiten quiver ΓspΛq.
(i) If C is one of the two 3-tubes, then ΩpCq is the other 3-tube. There are exactly three Ω2-
orbits of modules in C whose stable endomorphism rings are isomorphic to k. If U0 is a
module that belongs to the boundary of C, then these three Ω2-orbits are represented by U0,
by a successor U1 of U0, and by a successor U2 of U1 that does not lie in the Ω
2-orbit of U0.
The universal deformation rings are
RpΛ, U0q – RpΛ, U1q – k, RpΛ, U2q – krrtss.
(ii) There are infinitely many components of ΓspΛq of type ZA
8
8 that each contain a module
whose stable endomorphism ring is isomorphic to k. If C is such a component, then C “ ΩpCq
and there are exactly six Ω2-orbits presp. exactly three Ω-orbitsq of modules in C whose stable
endomorphism rings are isomorphic to k. These three Ω-orbits are represented by a module
V0, by a successor V1 of V0 that does not lie in the Ω-orbit of V0, and by a successor V2 of
V1 that does not lie in the Ω
2-orbit of V0. The universal deformation rings are
RpΛ, V0q – krrtss{pt
2q, RpΛ, V1q – k, RpΛ, V2q – krrtss.
(iii) There are infinitely many 1-tubes of ΓspΛq that each contain a module whose stable endo-
morphism ring is isomorphic to k. If C is such a component, then there is exactly one
Ω2-orbit of modules in C whose stable endomorphism ring is isomorphic to k, represented
by a module W0 belonging to the boundary of C. The universal deformation ring of W0 is
RpΛ,W0q – krrtss.
Remark 4.2.3. Suppose Λ is one of the algebras in (4.1), and suppose V is a Λ-module with
EndΛpV q “ k.
(i) If Λ “ Dp3Rq1,2,2,2, then V is one of the modules
S0, S1, S2,
0
1
,
1
2
,
2
0
,
0
1
2
,
1
2
0
,
2
0
1
.
Moreover, RpΛ, V q – k if V has composition series length 2 or 3, and RpΛ, V q – krrtss{pt2q
if V is simple.
(ii) If Λ “ Dp3Qq2,2,2, then V is one of the modules
S0, S1, S2,
0
1
,
1
2
,
2
0
,
0
1
2
,
1
2
0
,
2
0
1
.
Moreover, RpΛ, V q – k if V “ S2 or V has composition series length 2, and RpΛ, V q –
krrtss{pt2q if V P tS0, S1u or V has composition series length 3.
(iii) If Λ “ Dp3Bq2,2,22 , then V is one of the modules
S0, S1, S2,
0
1
,
1
0
,
0
2
,
2
0
,
0
1 2
,
1 2
0
.
Moreover, RpΛ, V q – k if V P tS0, S2u or V has composition series length 3, and RpΛ, V q –
krrtss{pt2q if V “ S1 or V has composition series length 2.
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(iv) If Λ “ Dp3Dq1,2,2,22 , then V is one of the modules
S0, S1, S2,
0
1
,
1
0
,
0
2
,
2
0
,
0
1 2
,
1 2
0
.
Moreover, RpΛ, V q – k if V P
"
S0,
0
1
,
1
0
*
or V has composition series length 3, and
RpΛ, V q – krrtss{pt2q if V P
"
S1, S2,
0
2
,
2
0
*
.
In [33], the second author considered all possible a ě 1, b, c, d ě 2 and determined all indecom-
posable Dp3Rqa,b,c,d-modules whose (usual) endomorphism rings are isomorphic to k. Moreover, he
looked at their components in the stable Auslander-Reiten quiver of Dp3Rqa,b,c,d and determined
all modules in these components whose stable endomorphism rings are isomorphic to k, together
with their universal deformation rings.
We use [33, Thm. 1.1(iv)] to obtain a result concerning 3-tubes for all allowed parameters
a, b, c, d. By using similar arguments as in the proof of [33, Prop. 4.4], we can include the case of
Dp3Rqa,1,c,d for a ě 1 and c, d ě 2.
Theorem 4.2.4. Let Λ be one of the following algebras:
(4.2) Dp3Rqa,b,c,d, Dp3Qqb,c,d, Dp3Lqc,d, Dp3Aqc,d2 , Dp3Bq
b,c,d
2 , Dp3Bq
c,b,d
2 , Dp3Dq
a,b,c,d
2 ,
where a, b ě 1, c, d ě 2 are allowed parameters according to Figure 3 such that Λ is not of polynomial
growth. Suppose T is one of the two 3-tubes of the stable Auslander-Reiten quiver ΓspΛq. Then
ΩpTq is the other 3-tube, and there are precisely three Ω-orbits of modules in TYΩpTq whose stable
endomorphism rings are isomorphic to k. If U0 is a module that belongs to the boundary of T, then
these three Ω-orbits are represented by U0, by a successor U1 of U0, and by a successor U2 of U1
that does not lie in the Ω2-orbit of U0. The universal deformation rings are
RpΛ, U0q – RpΛ, U1q – k, RpΛ, U2q – krrtss.
Since in [33] only those components of the stable Auslander-Reiten quiver of Dp3Rqa,b,c,d, for
all a ě 1, b, c, d ě 2, were studied that contain modules whose (usual) endomorphism rings are
isomorphic to k, we can only say something about finitely many components of the stable Auslander-
Reiten quiver of type ZA88, as far as universal deformation rings are concerned. Using [33, Thm.
1.1(i)-(iii)], we obtain the following result for all allowed parameters a, b, c, d. By using similar
arguments as in the proof of [33, Props. 4.1-4.3], we can include the case of Dp3Rqa,1,c,d for a ě 1
and c, d ě 2.
Proposition 4.2.5. Let Λ be one of the algebras in p4.2q, where a, b ě 1, c, d ě 2 are allowed
parameters according to Figure 3 such that Λ is not of polynomial growth. If the quiver of Λ is 3Q
or 3B we set a “ 1, and if the quiver of Λ is 3L or 3A we set a “ b “ 1. Let C be a component of
ΓspΛq of type ZA
8
8 containing a module whose stable endomorphism ring is k.
(i) Suppose a “ 1 “ b. Then there is at least one component C such that the following is true:
There are precisely three Ω-orbits of modules in CYΩpCq whose stable endomorphism rings
are isomorphic to k, represented by V0, V1, V2 such that V1 is a successor of V0 that does not
lie in the Ω-orbit of V0, V2 is a successor of V1 that does not lie in the Ω
2-orbit of V0, and
RpΛ, V0q – krrtss{pt
cq, RpΛ, V1q – k, RpΛ, V2q – krrtss{pt
dq.
Moreover, C “ ΩpCq if and only if c “ 2 or d “ 2.
(ii) Suppose a “ 1 and b ě 2. Then there are at least three components C “ Ci,j for pi, jq P
tp1, bq, p2, cq, p3, dqu such that the following is true: There are precisely three Ω-orbits of
modules in Ci,jYΩpCi,jq whose stable endomorphism rings are isomorphic to k, represented
by Vi,j,0, Vi,j,1, Vi,j,2 such that Vi,j,1 is a successor of Vi,j,0 that does not lie in the Ω-orbit
of Vi,j,0, Vi,j,2 is a successor of Vi,j,1 that does not lie in the Ω
2-orbit of Vi,j,0, and
RpΛ, Vi,j,0q – krrtss{pt
jq, RpΛ, Vi,j,1q – k, RpΛ, Vi,j,2q – krrtss.
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Moreover, Ci,j “ ΩpCi,jq if and only if j “ 2.
(iii) Suppose a ě 2 and b “ 1. Then there are at least four components C “ Ci,j for pi, jq P
tp1, aq, p2, aq, p3, cq, p4, dqu such that the following is true: There are precisely three Ω-orbits
of modules in Ci,j Y ΩpCi,jq whose stable endomorphism rings are isomorphic to k, repre-
sented by Vi,j,0, Vi,j,1, Vi,j,2 such that Vi,j,1 is a successor of Vi,j,0 that does not lie in the
Ω-orbit of Vi,j,0, Vi,j,2 is a successor of Vi,j,1 that does not lie in the Ω
2-orbit of Vi,j,0, and
RpΛ, Vi,j,0q – krrtss{pt
jq, RpΛ, Vi,j,1q – k, RpΛ, Vi,j,2q – krrtss.
Moreover, Ci,j “ ΩpCi,jq if and only if j “ 2.
(iv) Suppose a ě 2 and b ě 2. Then there are at least nine components C “ Ci,j for pi, jq P
tp1, aq, p2, aq, p3, aq, p4, bq, p5, cq, p6, dq, p7,8q, p8,8q, p9,8qu such that the following is true:
There are precisely three Ω-orbits of modules in Ci,j Y ΩpCi,jq whose stable endomorphism
rings are isomorphic to k, represented by Vi,j,0, Vi,j,1, Vi,j,2 such that Vi,j,1 is a successor of
Vi,j,0 that does not lie in the Ω-orbit of Vi,j,0, Vi,j,2 is a successor of Vi,j,1 that does not lie
in the Ω2-orbit of Vi,j,0, and
RpΛ, Vi,j,0q –
"
krrtss{ptjq : j ‰ 8
krrtss : j “ 8
*
, RpΛ, Vi,j,1q – k, RpΛ, Vi,j,2q – krrtss.
Moreover, Ci,j “ ΩpCi,jq if and only if j “ 2.
Remark 4.2.6. Suppose Λ is one of the algebras in p4.2q, where a, b ě 1, c, d ě 2 are allowed
parameters according to Figure 3. Moreover assume Λ is not of polynomial growth. Note that by
[19, Lemma 3.15], Dp3Rqa,b,c,d and Dp3Rqb,a,c,d are derived equivalent for all a, b ě 1; c, d ě 2. In
view of Theorem 4.2.2(ii), it seems plausible that there are usually infinitely many components of the
stable Auslander-Reiten quiver of Λ of type ZA88 that contain modules whose stable endomorphism
rings are isomorphic to k.
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